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Abstract

This paper deals with the issue of the worst paid sectors of the Czech economy, which are
Accommodation and Food Service Activities and the Administrative and Support Service
Activities sectors. There is a development of model distribution of monthly earnings (wages
and salaries together) of employees in individual years 2009—-2020. Three-parameter lognor-
mal curves were used as the basic theoretical probability distribution of earning models. The
method of L-moments of point parameter estimation is used to estimate the parameters of
lognormal curves, while the beginning of lognormal curves is estimated by a minimum wage.
The data come from the official website of the Czech Statistical Office. Based on the models
of earning distributions, the percentage shares of employees in individual earning intervals of
the same length of five thousand crowns were estimated. The results show higher percentages
of employees in lower earning intervals for Accommodation and Food Service Activities sec-
tor compared to Administrative and Support Service Activities sector. The percentages of
employees in higher earning intervals are lower for Accommodation and Food Service Activi-

ties sector than for Administrative and Support Service Activities sector.
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Introduction

The method of L-moments of point estimation of parameters (Hosking 1990; Hosking, 2006)
has been used in the past, for example, in connection with the study of extreme precipitation
(Kysely & Picek, 2007) or monthly precipitation (Guttman, 1994). Studies (Pearson, 1991;
Kumar & Chatterjee, 2005; Eslamian & Feizi, 2007; Noto & La Loggia, 2009; Saf, 2009;
Alahmadi, 2017) examine the issue of L-moments in connection with flood frequency and
rainfall frequency analyses.

This paper deals with the application of the L-moment method to economic data from
the labour market. The L-moment method was used for point estimation of parameters of

three-parameter lognormal curves representing models of distribution of monthly earnings
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(wages and salaries together) of employees in two sectors of the Czech economy with the
lowest earnings in the period 2009—-2020. There are Accommodation and Food Service Activ-

ities and Administrative and Support Service Activities sectors.

The beginning of these curves was estimated using the minimum wage in the corre-
sponding year. The development of the minimum wage amounts in the period under review is
shown in Table 1. However, the question of the suitability of a given curve for the earning
distribution model is not a completely common mathematical-statistical problem, in which we
test the null hypothesis “Ho: Random sample comes from the assumed theoretical distribu-
tion” against the alternative hypothesis “Hi: non Ho”, since in the case of the distribution of
earnings, typical samples are huge (in this case tens to hundreds of thousands of respondents),
therefore the goodness-of-fit test always leads to the rejection of the null hypothesis about the
assumed distribution. This is due not only to the fact that at such large sample sizes, the pow-
er of the test is so strong that the goodness-of-fit test reveals all the slightest deviations of the
actual distribution of earnings and model, but also from the principle of the test. However, we
are not practically interested in small deviations, so only the approximate conformity of the
model with reality suffices. When evaluating the suitability of the model, it is necessary to
proceed to a large extent subjectively and rely on logical analysis and experience. For this
reason, goodness-of-fit tests are not performed in this study.

Tab. 1: Development of the minimum wage amounts in 2009-2020!

Year 2009 2010 2011 2012 2013 2014
Minimum wage amount 8,000 8,000 8,000 8,000 8,208 8,500
Year 2015 2016 2017 2018 2019 2020
Minimum wage amount 9,200 9,900 11,000 12,200 13,350 14,600

Source: www.mpsv.cz

The main aim of this research is to present the application of the L-moment method to
economic data, specifically to data from the labour market. Another objective is to compare
the development of the distribution of earnings of two sectors of the Czech economy with the

lowest level of earnings.

The data come from the official website of the Czech Statistical Office. These were

data in the form of interval frequency distribution with unequally wide earning intervals and

! In 2013, the minimum wage was CZK 8,000 in the period from the 1% January to the 31% July and CZK 8,500 in the period from the 1%
August to the 31 December. The amount of the minimum wage in Table 1 represents the average minimum wage in 2013.
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with extreme open intervals. The data were processed using a Microsoft Excel spreadsheet
and the SPSS statistical programming environment.

1 L-moments
L-moments represent an alternative system describing the shape of the probability distribu-
tion. They are an analogy of conventional moments, but they can be estimated on the basis of
a linear combination of order statistics, i. e. L-statistics.

Let X be a random variable having a continuous distribution with a distribution func-
tion F(x) and a quantile function x(F). Let X1, Xo,..., X be a random sample of range n from
this distribution. Then X1:n < Xo:n < ... < Xnin are the order statistics of random sample of range

n, which comes from the distribution of a random variable X.
1.1  L-moments of probability distribution
L-moment of the r-th order of the random variable X is defined

A _1 rgl(_l)i.[r J71].5()(”.:,), r=1,2,.., 1)

r o

the expected value of the order statistic has the form
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The first four L-moments of the probability distribution are now defined

1

M=E(X1)=[Xx(F)dF, (3)

0
kzziE(X2:2—X1;2)=.:[X(F)~(2F—l)dF, 4)
xgzéE(x3;3—2x2:3+ x1:3):.:[x(F)-(6F2—6F +1)dF, (%)
k4=£11E(X4;4—3X3:4+3X2;4—XM)=J:'X(F)-(20F3—30F2+12F—1)dF. (6)

The probability distribution can be specified by its L-moments even if some of its
conventional moments do not exist, but the opposite is not true. It is often appropriate to
standardize higher L-moments Ar, r > 3 to be independent of the unit of measure of random

variable X. The ratio of L-moments of random variable X is defined
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Using equations (3)—(5) and equation (7), we obtain equations for the case of a three-

parameter lognormal distribution*
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1.2 Sample L-Moments
Let X1, X2,..., Xn be a random sample of size n and X1:n < X2:n < ... < Xn:n be an ordered sample.

Then the r-th sample L-moment can be defined as

-1
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Hence the first four sample L-moments have a form

1
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The natural estimate of the L-moment ratio (7) is the sample L-moment ratio

Ar
r=—, r=3,4,... 16
=l (16)
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1.3 Parameter estimation

The random variable X has a three-parameter lognormal distribution with parameters p, 2

and 0, where —oo < pu < 00, 6° > 0, —0 < 0 < oo, if its probability density has the form

_[n(x-0) - )2

, x>0, (17)
2(52

f(x; u, 6%, 0) =

1
—————€X
G-(x—0)-42n P

=0, else.

Let ®~%(-) be distribution function of the standardized normal distribution. Parameter
estimates obtained by the L-moment method for the case of a three-parameter lognormal dis-

tribution are obtained using the following equations? (“L” means L-moment estimation)

- \E .(D-l(“zts} (18)

o-~0,999 281z — 0 0061187° + 0,000127 7°, (19)
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eL=|1—exp[pL+"2J. (21)

(Hosking, 1990)

2 Results and Conclusion

Figures 1-2 offer a comparison of the development of the model distribution of earnings (for
wages of employees in the private sphere and salaries of employees in the public sphere to-
gether) of the two sectors in which the Czech Republic has the lowest earnings, in the period
2009-2020. There are Accommodation and Food Service Activities and Sector of Administra-
tive and Support Service Activities sectors. Figures 3—4 allow a comparison of development
of model distribution of earnings between the two sectors over the years 2009-2020. Relative

frequencies were calculated based on model distribution of earnings.

2 Expression erf(z) is the so-called error function
2 z
erf (z) =—=-[exp (- t?) dt.
7
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Fig. 1: Development of model earning distribution of Accommodation and Food Service
Activities sector
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Fig. 2: Development of model earning distribution of Administrative and Support Ser-

vice Activities sector
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From Figures 1-2, this is clear that the model distributions of earnings in the Accommodation
and Food Services Activities sector are characterized by a lower level and variability com-
pared to the model distributions of earnings in the Administrative and Support Service Activi-
ties sector. It is also clear that the model distributions of earnings in the Accommodation and
Food Service Activities sector are more skewed, and they have more kurtosis than the model

distributions of earnings in the Administrative and Support Service Activities sector.
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Fig. 3: Comparison of the distribution of relative frequencies (%) of Sector of Accom-
mosation and Food Service Activities and Sector of Administrative and Support Service
Activities during 2015-2020
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Fig. 4: Comparison of the distribution of relative frequencies (%) of Sector of Accom-

mosation and Food Service Activities and Sector of Administrative and Support Service
Activities during 2009-2014
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In Accommodation and Food Service Activities sector, the frequencies of lower earn-
ing intervals are higher, then in Administrative and Support Service Activities sector and vice
versa, see Figures 3—4.

Figure 5 shows the development of average earnings in each of the two sectors and the
development of the minimum wage and the corresponding growth rates in the period 2009—
2020.

Fig. 5: Development of average earnings in Accomodation and Food Service Activities
and Administrative and Support Service Activities sectors and minimum wage (CZK)
and development of growth rate (%) of average earnings in Accomodation and Food
Service Activities and Administrative and Support Service Activities sectors and mini-
mum wage during period 2009-2020
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The lower level of earnings in Accommodation and Food Services Activities sector compared

to the Administrative and Support Services Activities sector can be seen in Figure 5, too.
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