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Abstract 

The goal of this paper is the deduction of two famous formulas concerning classical 

differential geometry and deduce them for general form of Monge surfaces. One of them is 

the Gaussian curvature formula, which can be constructed only with the use of Maurer-Cartan 

equations. These equations are based on Cartan’s idea of moving frame, which is used in 

many parts of mathematics, especially in differential geometry.  The other part of the text is 

devoted to  Mean curvature formula deduced with the use of Cartan moving frame and 

Weingarten map. Thanks to these methods, not only Mean, but also Gaussian curvature 

formula can be deduced. Studying of Gaussian  curvature in general form on Monge surfaces 

only with the use of Maurer-Cartan equations is not a simple problem but essential in 

differential geometry. Deduction of Mean curvature with the use of  Weingarten map of given 

general Monge surface is essential  in geometry, too. Gaussian and Mean curvature formulas 

of general Monge surface are common results however, methods of their deduction are 

especially essential.  

Key words:  Gaussian and Mean curvature, moving frame, Maurer-Cartan equations, 

differential forms, differentiable homeomorphism, Weingarten map.  

JEL Code:  C00 

 

Introduction  

The  article consists of two chapters. The first  is devoted to the construction the formula of 

Gaussian curvature. The main reason why the first chapter is interesting follows from the fact  

that this work is based only on Maurer-Cartan equations formed with the use of orthonormal 

moving frame. The method of Maurer-Cartan equations is very time consuming but very 

interesting.  
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In the second  chapter Mean curvature is deduced with the use of Weingaeten map and also 

Cartan  moving frame. Both chapters are based on using the regular mappings, regular two 

dimensional surfaces in ��, differentiable homeomorphisms etc. 

Prominent authors who studied these problems and whose work influenced this article were 

for instance these great scientists: Kobayashi S. & Nomizu K. in their famous work 

“Foundations of Differential Geometry” (Kobayashi, Nomizu, 1963; Kobayashi, Nomizu, 

1969) and Sternberg S. in his excellent book “Lectures on Differential Geometry” (Sternberg, 

1964). Presented methods may be also useful in econophysics. The contemporary author who 

is interested in econophysics and uses some of differential geometry methods is T. Zeithamer 

(Zeithamer, 2012a; Zeithamer, 2012b). 

Let � ⊂ �� be an open neighbourhood of a point (�,�)∈ �  and �:� →  �� a regular map. 

A subset �  ⊂  �� is called a regular two dimensional surface in �� if for each � ∈ �  there 

exist an open neighbourhood �  of � ∈  �� and a map �: � → � ∩ �  of an open set � ⊂  �� 

onto � ∩ �  such that � is a differentiable homeomorphism and the differential 

���: ��(�)→  ��(�)(� ) is injective for all � ∈ �,�(�)=  �. It is possible to choose in �(�) 

an orthonormal moving frame {��,��,��} in such a way that ��,�� are tangent to �(�) and 

�� is a non-vanishing normal to �(�).  

Chapter I.  Gaussian curvature formula for general Monge surfaces 

Moving frame for the general Monge surface x(u,v)= (u,v,h(u,v)) where x: U → R3, U is an 

open set in R2 and h:U → R is a differentiable function. Mooving frame of the map x has the 

form 

�� = (1,0,ℎ�), �� = (0,1,ℎ�) � = (−ℎ�,−ℎ�,1). 

Using the Gramm-Schmidt orthonormalization process, we obtain orthonormal moving frame 

of the form  

�� = �
1

�1+ ℎ�
�
,0,

ℎ�

�1+ ℎ�
�
�, 

�� =  �
− ℎ�ℎ�

�1 + ℎ���1 + ℎ�� + ℎ��
,

1 + ℎ�
�

�1 + ℎ���1 + ℎ�� + ℎ��
,

ℎ�

�1 + ℎ���1 + ℎ�� + ℎ��
�, 

�� =  �
−ℎ�

�1+ ℎ�� + ℎ��
,

− ℎ�

�1 + ℎ�� + ℎ��
,

1

�1+ ℎ�� + ℎ��
�. 
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It can be easily verified that  

���� =  �
−ℎ�ℎ��

(1 + ℎ��)
�
�

,0,
ℎ��

(1 + ℎ��)
�
�

�, ���� =  �
− ℎ�ℎ��

(1 + ℎ��)
�
�

,0,
ℎ��

(1 + ℎ��)
�
�

�. 

See (Kaňka, 2012; Kaňka, Kaňková, 2011). 

So we have 

��� =  �
−ℎ�ℎ��

(1 + ℎ��)
�
�

,0,
ℎ��

(1 + ℎ��)
�
�

��� + �
−ℎ�ℎ��

(1 + ℎ��)
�
�

,0,
ℎ��

(1 + ℎ��)
�
�

���, 

��� =  ��� ∙ �� =  �
ℎ�
�ℎ�ℎ�� + ℎ��ℎ�

(1 + ℎ��)� ∙ �1 + ℎ�� + ℎ��
��� + �

ℎ�
�ℎ�ℎ�� + ℎ��ℎ�

(1 + ℎ��)� ∙ �1 + ℎ�� + ℎ��
� ��. 

Simplifying the previous result, we have 

��� =  
ℎ��ℎ�

(1 + ℎ�
�)�1 + ℎ�

� + ℎ�
�
�� + 

ℎ�ℎ��

(1 + ℎ�
�)�1+ ℎ�

� + ℎ�
�
��. 

It can easily be proved that the equation ��� =  − ��� is satisfied. See (Bureš, Kaňka, 1994).  

The result of ��� gives 

��� =  ��� ∙ �� =  
ℎ�
�ℎ�� + ℎ��

(1 + ℎ��)
�
��1 + ℎ�� + ℎ��

�� + 
ℎ�
�ℎ�� + ℎ��

(1 + ℎ��)
�
��1 + ℎ�� + ℎ��

��, 

from which follows 

��� =  
ℎ��

�1+ ℎ���1 + ℎ�� + ℎ��
�� + 

ℎ��

�1 + ℎ���1 + ℎ�� + ℎ��
��. 

Short calculation gives 

 ���� ∙ �� =  −
ℎ��

�1 + ℎ���1+ ℎ�� + ℎ��
, ���� ∙ �� =  −

ℎ��

�1 + ℎ���1 + ℎ�� + ℎ��
. 

The form ��� is 

��� =  ��� ∙ �� =  −
ℎ��

�1 + ℎ���1+ ℎ�� + ℎ��
 �� −  

ℎ��

�1 + ℎ���1 + ℎ�� + ℎ��
 ��. 
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See (Bochner, 1951; Kostant, 1956a; Kostant, 1956b). 

Formulas for ���� and ���� are 

���� =  �
−ℎ��(1 + ℎ�

�)+ ℎ�ℎ�ℎ��

(1 + ℎ�� + ℎ��)
�
�

,
− ℎ��(1 + ℎ�

�)+ ℎ�ℎ�ℎ��

(1 + ℎ�� + ℎ��)
�
�

,
− ℎ�ℎ�� −  ℎ�ℎ��

(1 + ℎ�� + ℎ��)
�
�

�, 

���� =  �
−ℎ��(1+ ℎ�

�)+ ℎ�ℎ�ℎ��

(1 + ℎ�� + ℎ��)
�
�

,
− ℎ��(1 + ℎ�

�)+ ℎ�ℎ�ℎ��

(1 + ℎ�� + ℎ��)
�
�

,
− ℎ�ℎ�� −  ℎ�ℎ��

(1 + ℎ�� + ℎ��)
�
�

�. 

By analogy, 

���� ∙ �� =  
ℎ�ℎ�ℎ�� −  ℎ��(1 + ℎ�

�)

�1 + ℎ��(1 + ℎ�� + ℎ��)
, ���� ∙ �� =  

ℎ�ℎ�ℎ�� −  ℎ��(1 + ℎ�
�)

�1 + ℎ��(1 + ℎ�� + ℎ��)
. 

So we have 

��� = ��� ∙ �� =
ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�

�)

�1 + ℎ��(1+ ℎ�� + ℎ��)
 �� +

ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�
�)

�1 + ℎ��(1 + ℎ�� + ℎ��)
 ��. 

Forms θ1 = E1dx = E1xu du + E1xv dv      and      θ2 = E2 dx = E2 xu du + E2 xv dv      are 

��= �
1

�1+ ℎ�
�
,0,

ℎ�

�1 + ℎ�
�
�(1,0,ℎ�)�� + �

1

�1+ ℎ�
�
,0,

ℎ�

�1 + ℎ�
�
�(0,1,ℎ�)��

= �1+ ℎ�
��� +

ℎ�ℎ�

�1 + ℎ��
��,

=  

and, by a similar calculation, 

�� =
�1+ ℎ�

� + ℎ�
�

�1 + ℎ��
��. 

The exterior product �� ∧ �� can be written in the form 

�� ∧ �� = �1 + ℎ�
� + ℎ�

� �� ∧ ��. (1) 

First results: 

��� =
ℎ��ℎ��� + ℎ�ℎ����

(1 + ℎ��)�1+ ℎ�� + ℎ��
,      ��� =

− ℎ��ℎ��� − ℎ�ℎ����

(1 + ℎ��)�1 + ℎ�� + ℎ��
 , 
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��� =
ℎ���� + ℎ����

�1 + ℎ�
��1+ ℎ�

� + ℎ�
�
,     ��� =

− ℎ���� − ℎ����

�1+ ℎ�
��1 + ℎ�

� + ℎ�
�
 , 

 

��� =
[ℎ�ℎ�ℎ�� − ℎ��(1+ ℎ�

�)]�� + [ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�
�)]��

�1+ ℎ��(1+ ℎ�� + ℎ��)
, 

��� ∧ ��� =
ℎ��ℎ�� − ℎ��

�

(1+ ℎ�� + ℎ��)�/�
�� ∧ ��. 

(2)

Expressing �� ∧ �� from (1) and substituting into (2) , we obtain 

��� ∧ ��� =
ℎ��ℎ�� − ℎ��

�

(1 + ℎ�
� + ℎ�

�)�
�� ∧ ��. 

The formula ��� ∧ ��� = � ∙ �� ∧ �� gives the expression for the Gaussian curvature  

� =
ℎ��ℎ�� − ℎ��

�

(1 + ℎ�� + ℎ��)�
. 

 

Chapter II.  Gaussian and Mean curvature formula for general Monge 

surfaces 

he equation �� ∙ �� = 1 gives ��(�� ∙ ��)= 2���� ∙ �� = 0, which means that             ���� ∈

  ��(� ). Analogously ���� ∈ ��(� ). So we have 

���� = ����� + �����, ���� = ����� + �����. 

Multiplying the first equation by xu and xv , we obtain 

���� ∙ �� = ����� ∙ �� + ����� ∙ ��, (3)

���� ∙ �� = ����� ∙ �� + ����� ∙ ��. (4) 

See (Rauch, 1951). 

The formula 
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���� = �
ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�

�)

(1+ ℎ�
� + ℎ�

�)�/�
,

ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�
�)

(1 + ℎ�
� + ℎ�

�)�/�
, −

ℎ�ℎ�� + ℎ�ℎ��
(1+ ℎ�

� + ℎ�
�)�/�

� 

 

gives, after a short calculation, 

���� ∙ �� = −
ℎ��

�1+ ℎ�� + ℎ��
, ���� ∙ �� = −

ℎ��

�1 + ℎ�� + ℎ��
 . 

Substituting into (3) and (4), we arrive at the system of equations 

−
ℎ��

�1 + ℎ�� + ℎ��
= ���(1 + ℎ�

�)+ ���ℎ�ℎ�,

−
ℎ��

�1 + ℎ�
� + ℎ�

�
= ���ℎ�ℎ� + ���(1+ ℎ�

�),

 

which can be solved. Using the Cramer rule, we obtain 

� = �
1 + ℎ�

� ℎ�ℎ�
ℎ�ℎ� 1+ ℎ�

�� = 1 + ℎ�
� + ℎ�

�, 

�� = �
�
−

ℎ��

�1 + ℎ�� + ℎ��
ℎ�ℎ�

−
ℎ��

�1 + ℎ�
� + ℎ�

�
1+ ℎ�

�
�
� =

− ℎ��(1 + ℎ�
�)+ ℎ�ℎ�ℎ��

�1 + ℎ�
� + ℎ�

�
, 

�� = �
�
1 + ℎ�

� −
ℎ��

�1 + ℎ�� + ℎ��

ℎ�ℎ� −
ℎ��

�1 + ℎ�� + ℎ��

�
� =

− ℎ��(1 + ℎ�
�)+ ℎ�ℎ�ℎ��

�1 + ℎ�� + ℎ��
, 

��� =
��
�

=
ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�

�)

(1 + ℎ�� + ℎ��)�/�
, ��� =

��
�

=
ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�

�)

(1 + ℎ�� + ℎ��)�/�
. 

By analogy, multiplying the equation ���� = ����� + ����� by xu and xv we obtain 

���� ∙ �� = ����� ∙ �� + ����� ∙ ��, (5)

���� ∙ �� = ����� ∙ �� + ����� ∙ ��. (6) 

The relation 
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���� = �
ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�

�)

(1+ ℎ�
� + ℎ�

�)�/�
,

ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�
�)

(1 + ℎ�
� + ℎ�

�)�/�
, −

ℎ�ℎ�� + ℎ�ℎ��
(1 + ℎ�

� + ℎ�
�)�/�

� 

then yields 

���� ∙ �� = −
ℎ��

�1 + ℎ�� + ℎ��
, ���� ∙ �� = −

ℎ��

�1 + ℎ�� + ℎ��
  . 

Substituting into (5) and (6), our task now is to solve the system of equations 

−
ℎ��

�1 + ℎ�
� + ℎ�

�
= ���(1 + ℎ�

�)+ ���ℎ�ℎ�,

−
ℎ��

�1 + ℎ�� + ℎ��
= ���ℎ�ℎ� + ���(1+ ℎ�

�).

 

Using Cramer’s rule, we obtain 

� = �
1 + ℎ�

� ℎ�ℎ�
ℎ�ℎ� 1 + ℎ�

�� = 1 + ℎ�
� + ℎ�

�, 

�� = �
�
−

ℎ��

�1 + ℎ�� + ℎ��
ℎ�ℎ�

−
ℎ��

�1 + ℎ�� + ℎ��
1 + ℎ�

�
�
� =

− ℎ��(1+ ℎ�
�)+ ℎ�ℎ�ℎ��

�1 + ℎ�� + ℎ��
, 

�� = �
�
1 + ℎ�

� −
ℎ��

�1 + ℎ�� + ℎ��

ℎ�ℎ� −
ℎ��

�1 + ℎ�� + ℎ��

�
� =

− ℎ��(1 + ℎ�
�)+ ℎ�ℎ�ℎ��

�1 + ℎ�� + ℎ��
. 

So we have 

��� =
ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�

�)

(1+ ℎ�
� + ℎ�

�)�/�
, ��� =

ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�
�)

(1 + ℎ�
� + ℎ�

�)�/�
. 

The matrix A consisting of coefficients c11, c12, c21, c22 equals 

� = �
��� ���
��� ���

� =

⎝

⎜
⎛

ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�
�)

(1 + ℎ�� + ℎ��)�/�
ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�

�)

(1 + ℎ�� + ℎ��)�/�

ℎ�ℎ�ℎ�� − ℎ��(1+ ℎ�
�)

(1 + ℎ�� + ℎ��)�/�
ℎ�ℎ�ℎ�� − ℎ��(1 + ℎ�

�)

(1 + ℎ�� + ℎ��)�/� ⎠

⎟
⎞
. 
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The Gaussian curvature equals to the det A 

� = det � =
ℎ��ℎ�� − ℎ��

�

(1 + ℎ�
� + ℎ�

�)�
, 

as was given previously. The Mean curvature equals to the  −
�

�
tr � .             

� = −
1

2
tr � =

ℎ��(1 + ℎ�
�)− 2ℎ�ℎ�ℎ�� + ℎ��(1 + ℎ�

�)

2(1 + ℎ�
� + ℎ�

�)�/�
. 

 

Conclusion  

The first main result of the text is the fact that the deduction of Gaussian curvature K of 

general Monge surface  

� =
ℎ��ℎ�� − ℎ��

�

(1+ ℎ�� + ℎ��)�
 

can be done only with the use of Maurer-Cartan equations. 

The second main result is that the Mean curvature H 

� = −
1

2
tr � =

ℎ��(1 + ℎ�
�)− 2ℎ�ℎ�ℎ�� + ℎ��(1 + ℎ�

�)

2(1+ ℎ�� + ℎ��)�/�
 

can be  deduced with the use of Cartan moving frame and Weingarten map.  
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