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GAUSSIAN AND MEAN CURVATURE STUDIED WITH THE
HELP OF CARTAN MOVING FRAME AND WEINGARTEN
MAP

Milo$§ Kanka

Abstract

The goal of this paper is the deduction of two famous formulas concerning classical
differential geometry and deduce them for general form of Monge surfaces. One of them is
the Gaussian curvature formula, which can be constructed only with the use of Maurer-Cartan
equations. These equations are based on Cartan’s idea of moving frame, which is used in
many parts of mathematics, especially in differential geometry. The other part of the text is
devoted to Mean curvature formula deduced with the use of Cartan moving frame and
Weingarten map. Thanks to these methods, not only Mean, but also Gaussian curvature
formula can be deduced. Studying of Gaussian curvature in general form on Monge surfaces
only with the use of Maurer-Cartan equations is not a simple problem but essential in
differential geometry. Deduction of Mean curvature with the use of Weingarten map of given
general Monge surface is essential in geometry, too. Gaussian and Mean curvature formulas
of general Monge surface are common results however, methods of their deduction are

especially essential.
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Introduction

The article consists of two chapters. The first is devoted to the construction the formula of
Gaussian curvature. The main reason why the first chapter is interesting follows from the fact
that this work is based only on Maurer-Cartan equations formed with the use of orthonormal
moving frame. The method of Maurer-Cartan equations is very time consuming but very

interesting.
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In the second chapter Mean curvature is deduced with the use of Weingaeten map and also
Cartan moving frame. Both chapters are based on using the regular mappings, regular two
dimensional surfaces in R3, differentiable homeomorphisms etc.

Prominent authors who studied these problems and whose work influenced this article were
for instance these great scientists: Kobayashi S. & Nomizu K. in their famous work
“Foundations of Differential Geometry” (Kobayashi, Nomizu, 1963; Kobayashi, Nomizu,
1969) and Sternberg S. in his excellent book “Lectures on Differential Geometry” (Sternberg,
1964). Presented methods may be also useful in econophysics. The contemporary author who
is interested in econophysics and uses some of differential geometry methods is T. Zeithamer
(Zeithamer, 2012a; Zeithamer, 2012b).

Let U < R? be an open neighbourhood of a point (u,v) € U and x: U — R? a regular map.
A subset M c R3 is called a regular two dimensional surface in R® if for each p € M there
exist an open neighbourhood V of p € R3> andamap x: U » V N M of an open set U c R?
onto V NM such that x is a differentiable homeomorphism and the differential
dxg: Ty(U) = Ty(q(M) is injective for all ¢ € U,x(q) = p. It is possible to choose in x(U)
an orthonormal moving frame {E;, E;, E3} in such a way that E4, E, are tangent to x(U) and

E; is a non-vanishing normal to x(U).
Chapter I. Gaussian curvature formula for general Monge surfaces

Moving frame for the general Monge surface x(u,v)= (u,v,h(u,v)) where x: U— R?, U is an
open set in R? and h:U — R is a differentiable function. Mooving frame of the map x has the

form
x, = (1,0,h,), x,=(0,1,h,) n=(—hy—h,1).

Using the Gramm-Schmidt orthonormalization process, we obtain orthonormal moving frame

of the form
1 h
Elz( 501 “ >l
J1+hZ 14 Rh2
_ ( —h,h, 1+ h2 h, )
NI+ Ji+tRzt k2 Ji+r2J1+h2+ h2 J1+h2J1+h2+ h2)’

( —h, —h, 1 >
E3: B B .
J1+h2+ hZ J1+hZ+ h2 \J1+h2+ h3
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It can be easily verified that

—h,h h —h,h h
GuE1= u uu3’01 uu -, 51;51: u uv3.0, uv -
1+ h2)2z @A+ h3)2 (1+ h2)z @A+ h2)2
See (Kanka, 2012; Kanka, Kankova, 2011).
So we have
—h,h h —h,h h
dEl — u uug’o' uu E du + u qu,O' uv E dv’
(1+ h2)z (1A + h2)2 (1+ A2z (1A+ h2)2
(,()12 — dEl . EZ — < hihvhuu + huuhv > < hahvhuv + huvhv )dv,
(1+ h2)?-J1+4+hi+ h (14 h2)?-\1+hZ+ h3

Simplifying the previous result, we have

_ hyyhy hyhyy
Wiy = du + dv.
(1+ h2)Jy1+hZ+ h3 (1+ h2){/1+hZ+ hZ
It can easily be proved that the equation w;, = — w54 is satisfied. See (Bures, Kanka, 1994).
The result of dE; gives
h2h,, + h h2h,, + h
(1)13 — dEl . E3 — utfuu uu du + utuv uv dv,

3 3
(1+ h2)zy1+hi+ hZ (1+ h2)z\/1+h2 + hZ

from which follows

huu huv

= du + dv.
J1+h2/1+h2+ h2 J1+h2/1+h2+ h2

W13

Short calculation gives

huu huv

oE; - E, = — , O0,E3 - E; = — .
RO v mitR+ Rz 0 1+t 1+he+ 2

The form w4, is

huu huv

(U31:dE3'E1:_ du_
J1+h2/1+h2+ h2 J1+h2J1+h2+ h2
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See (Bochner, 1951; Kostant, 1956a; Kostant, 1956b).

Formulas for d, E; and 9, E5 are

_huu(1 + h127) + huhvhuv _huv(1 + hzzi) + huhvhuu _huhuu - hvhuv

0 Es = ’ ’ . ’ :
(1+ hE + h})2 (14 hZ + h2)2 (1+ hZ + h2)z
o g = [Tt h2) + hyhyhy, —hy,(1+ h3) + hyhyhy, —hyhy, — hyhy,
vH3 3 , : , = |-
(1+ hi+ h3)2 (1+ hi+ h3)? (1+ hZ+ h2)2
By analogy,
P _ hyhyhyy — Ry (1 + ha) _ hyhyhyy — hyy (1 + hi)
uEs - By = , O0,E3 - E; = .
V1+hZ(1+ hE + h3) J1+h2(1 + h2 + h2)
So we have
W3y = dE3 -E, = huhvhuu — huv(l + hIZi) d huhvhuv - hvv(l + hlzi

Forms 01 = E1dx = Exx,du+ Eix,dv and 6,=Erdx=Eyx,du+ E>x,dv

1 h 1 h
91=( 0 “ )(1,0,hu)du+< 0 L )(0,1,hv)dv=

J1+hz 1+ hE J1+hz 1+ hE

h,h
=1+ h2du + ———dbv,
J1+h2

and, by a similar calculation,

JI+12+h2

) = ————dv.

JI+hE
The exterior product 8; A 8, can be written in the form
0, A0, =1+ hZ + hZduAdv.
First results:

hyuhydu + hyhy,dv —hyyhydu — hyhy,dv

u+
J1+h2(1 + h2 + h2) J1+h2(1 + h2 + h2)

W1z = y o W21 = ’
(1 + h2)\/1+ hZ + h3 (1 + h2)/1+ hZ + h3
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hy,du + h,,dv —hy,du — h,,dv
w13 = y W31 = )
J1+h2J1+ hZ + h2 J1+h2J1+hZ+h2
Dary = [huhvhuu B huv(l + hi)]du + [huhvhuv B hvv(l + hﬁ)]dv
* JT+ B2+ h2 + h) '
hywhy, — h2 2
(4)31 /\(,()32 — uu'vv uv du/\dv ( )

(1+ hZ + h2)3/?
Expressing du A dv from (1) and substituting into (2) , we obtain

huuhvv - htzw
W31 N W3y =————-—6; N0,
The formula w3, A w3, = K - 6, A 8, gives the expression for the Gaussian curvature

K = huuhvv - hrzw
(1+ hZ + h2)?

Chapter II. Gaussian and Mean curvature formula for general Monge

surfaces

he equation E5 - E5 = 1 gives 0, (E5 - E3) = 20, E5 - E5 = 0, which means that 0,E; €
T,(M). Analogously 0, E5 € T,,(M). So we have

OyEs = c1axy + C12Xy, 0pE3 = ConXy + Copxp.
Multiplying the first equation by x, and x, , we obtain
OuEs " xy = C1aXy " Xy + C12Xy " Xy, 3)
OuE3 " Xy = C112y " Xy + C12Xp " Xy 4)
See (Rauch, 1951).

The formula
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0. Ea = huhvhuv - huu(l + h‘lzi) huhvhuu - huv(l + hvi) _ huhuu + hvhuv
we (1+h2+h2)32 ' (1+h2+h2)32 ' (1+h2 + h2)3/2

gives, after a short calculation,

huu huv

) R P —
Jitrz+rz 777 [1tnz+h

Substituting into (3) and (4), we arrive at the system of equations

auE3 'xu_ = —

h
—— = c11(1 + k%) + ¢i2hyhy,

JI+h2+ 12

h
—— = c11hyhy + ¢1,(1 4 h3),

J1+hi+hi

which can be solved. Using the Cramer rule, we obtain

1+h% hyh
D = u Wl =1+ hZ hz,
hyh, 1+ h? TRy
_L h. h
D. = J1+ hZ + h2 Y __huu(l‘l'hi%)‘l’huhvhuv
Tl hw 1412 Ji+rz+hz
J1+hZ + h3
h
14+h2 -
b J1+ hZ + h2 _—huv(1+h§)+huh,,huu
2 hh _ hyy J1+h2 + h3 '
u'tv
J1+hZ + hZ
c =&=huhvhuv_huu(1+h1%) c =&=huhvhuu_huv(1+hi)
D (1+hz+h2)32 ° 27D (1+ h2 + h2)3/?

By analogy, multiplying the equation d,E3 = cy1x,, + 32X, by x, and x, we obtain
OpE3 " Xy = Ca1Xy ~ Xy + C22Xy " Xy, (5)
OpE3 " Xy = Co1%y " Xy F 22Xy " Xy (6)

The relation
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0. F. = huhvhvv - huv(1 + h127) huhvhuv - hvv(l + hzzi) huhuv + hvhvv
VT A+ hE+R232 T (L+R2+R2)32 T (1+hE + h2)3/2
then yields
h h
OpEs " xy = —_— OyEs %y, = — =

J1+h2 +h2 J1+hZ+hZ

Substituting into (5) and (6), our task now is to solve the system of equations

h
——= c21(1+ hlzi) + c2hy 0y,

JitRZ+ 12
h
- = C21huhv + sz(l + h12))

JI+h+ 12

Using Cramer’s rule, we obtain

1+h% hyh
D = u ww | = 1+ hZ + hz,
hyh, 1+ h2 v
h
___w hy,h,
D. = J1+ hZ+ h2 _ —hy, (1 + h%) + hyhyhyy
L hew 1412 Ji+rz+nz
J1+h2 +hi
h
1+ h2 —% 2
D. - v1+hi+hil —hyy (1 + h3) + hyhyhyy
, = = :
hoh, — Ry J1+h2 +hi
J1+ hZ + h2
So we have
by — iy (LR by = Ry (1 + RE)
21 (1+h2 +h2)32 22 (1 + hZ + h2)3/2

The matrix A consisting of coefficients ci1, c12, c21, c22 equals

huhvhuv - huu(1 + h%) huhvhuu - huv(l + hi)
(1 + hZ + h2)3/2 (1 + h2 + h2)3/2

A= (C11 C12) _
a1 €22 huhvhvv - huv(l + h%) huhvhuv - hvv(l + h121)
(1 + hZ + h2)3/2 (1 + h2 + h2)3/2
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The Gaussian curvature equals to the det 4

K =detA = huuhvv - hzzw ’
(1+ hZ + h3)?
as was given previously. The Mean curvature equals to the — %trA .

o L ha (R — 2huhyhuy + by (L4 D)
B 2(1 + hZ + h2)3/2 :

Conclusion
The first main result of the text is the fact that the deduction of Gaussian curvature K of

general Monge surface

K = huuhvv - hzzw
(1+ hZ + h2)?
can be done only with the use of Maurer-Cartan equations.
The second main result is that the Mean curvature H
H = —ltI'A — huu(1 + h127) - Zhuhvhuv + hvv(l + hlzl)
2 2(1+ hZ + h2)3/2

can be deduced with the use of Cartan moving frame and Weingarten map.
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