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GEOMETRICAL DESCRIPTION OF ONE SURFACE IN
ECONOMY

Eva Kankova

Abstract

The principal object of this paper is the regular parametric surface M in R* defined by the
formula x(u, v) = (u,v, u® —3uv?). The geometrical description methods we are going to
use are based on Cartan’s moving frame method and on Weingarten map. The studied map
x(u,v)=(u,v,u’-3uv’) is regular . Let x:U cR* ->M cR?®, (u,v)eU cR?, where U
is an open neighborhood of the point g= (u,v) and p= x(u,v)eV ~M < R? where V is an
open neighborhood in R® of the point x(u,v).
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Introduction

Let U < R? is an open neighborhood of a point (u,v)eU and x:U — R® is a regular map (which
means that the rank of Jacobian matrix J (X)(u,v)=2). A subset M = R® is called regular two

dimensional surface in R® if for each Xx=x(u,v) there exist an open neighborhood V of

x(u,v)e R® and the map x:U < R* — M ~V of an open subset U = R onto M nV . The map

X is given by the formula
x(u,v) = (u,v,u® —=3uv?).

Now we have to construct the moving frame and orthonormal moving frame which is the base for

Cartan method. The next method is based on Weingarten mapping.

1 Cartan’s method

The moving frame has the form
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X, =(1,0,3u? —3v?), x,=(0,L-6uv),  n=(-3u?+3v? 6uv,1).

Symbols X, and X, are used instead of 0,X, O,X etc. Vectors X, and X, form the basis of the
tangent space Tx(u,v)M .On T, (M ) we can construct moving frame (X,, X,, X, X X, ). As the vectors

: X, X X
X, and X, are tangent vectors of M the X, x X, = n is a normal vector. Vector N = ﬁ
X, X X
u \

is the unit normal vector.

Orthonormal moving frame has the form

3(u2—v2)

_ 1 0
\/1+9(u2—v2)21 | \/1+9(u2—v2)2,

18 uv(u® —v?)
\/1+9(u2 —v2f \/1+9(u2 +v2f
£ - 1+9(u2—v2)2 hl
\/1+9(u2 —v2)2 \/1+9(u2 +v2)2

—6uv

\/1+ 9(u2 —v2)2 \/1+ 9(u2 +v2)2

El

| -3+ 6uv 1
\/1+9(u2 +v2)2 \/1+9(u2 +v2)2 \/1+9(u2 +v2)Z

Differential dE, equals

E;

dE, —18u(u2—v2)3, 0 6u  ldu+
b+9(u2—v2)2F b+9(u2—v2)2F
2,2 _
18v(u v )3’ 0, v v
Ll+9(u2—v2)2F b+9(u2—v2)F

Differential form «,, is:
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w, =dE - E =
—182-uz-v-(uz—v2)2—36-u2-v 182-u-v2-(u2—v2)2+36-u-v2
= + dv =
(1+9-(u2—v2)2)Z \/1+9-(u2+v2)2 ﬁ+9-(u2—v2)2)2 \/1+9-(u2+v2)2
B —36-u2-v-|1+9-(u2—v2)2| du s 36-u-v2-|1+9-(u2—v2)2| dv =

N R A e R Y ) v e

—36-u”-v du+36-u-v’ dv

b+9.(u2 —VZ)ZJ\/1+9,(UZ +V2)2 .

We have
0,Es = —6u[1+18v2(u2+v2)] 6"[1_9(“4_"4)] ~18u(u? +v?)
u-=3— 3 T 7|
[1+9(u2 +v2)2}2 [1+9(u2+v2)2}2 [l+9(u2+v2)2}2
8,Es -E :_6u[1+18V2(u2+V2)]_54U(U2—V2ku2+v2) i

\/1+9(U2 —Vz)Z [1+9(u2 +V2)z};

—6u[1+18u2v2 +18v* +9u* _9\,4]

\/1+9(“2 _V2)2 [1+9(u2 +V2)ZF
_6u[1+9(u2 +v2)2}
\/”9(”2 —Vz)z [1+9(u2 +v2)12

—-6u

: \/1+9(U2 —V2)Z \/1+9(u2 +v2)Z |
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6v[1 +18u2(u2 +v2)] 6u[1 + 9(u4 —v4)] —18v(u2 +v2)

[1+9(u2 +v2)2}§ [1+9(u2 +v2)zf [l+ 9(u2 +v2)zf |
6v[1+9(u2 +v2)z}

5VE3 =

aVEB B =

\/1+9(u2 —v2)2[1+9(u2 +v2)2F : \/1 +9(“2 _Vz)z\/“ 9(“2 +V2)z |

The differential form @, is

—6udu +6vdv
\/1+9(u2 —v2)2 \/1+ 9(u2 +v2)2

Further we try to construct differential form a,, .

wy, =dE;-E, =

6v|1 - 9(u4 —v? )|

\/1 + 9(u2 —v2)2 (1 + 9(u2 +v2)2j

oult + 9(u* —v* |

V1+ 9iu2 —v? )[1 + 9(u2 +v2)2}

8UE3 . E2 =

aVE3 ) E2 =

Differential form ., is

6v|1 - 9(u4 - v4)|du + 6u|1 + 9(u4 —v* )hv

\/1 + 9(u2 - v2)2 (1 + 9(u2 + vz)zj

W3y = 8UE3 . Ez +6vE3 . Ez =

Now we will construct forms 6, and &, .

6, = E;dx = E;x,du + E;x,dv

18uv(u? = v?)

\/1 + 9(u2 —v2)2 '

E,x,du + E,x,dv = \/1 + 9(u2 —vz)zdu -
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2 2 2 2
E,x,du = 18uv(u -V )—18uv(u —V7)

. \/1+9(u2 _V2)2\/1+9(u2 +v2)2

1+9(u2 —v2)2 +36u’v? dv — 1+9(u2 +v2)2
\/1+9(u2 —v2)2 \/1+9(u2 +v2)2 \/1+9(u2 —v2)2 \/1+9(u2 +v2)z

The exterior product of forms 6, and 6, is

du =0,

E,x,dv = dv.

1+ 9(u2 + v2)2

O, A0, = dU/\dv=\/1+9(u2+v2)2dU/\dv,

\/1 + 9(u2 + vz)2
from which follows

\/1 + 9(u2 +v?

For control we have

dE, { —18u(u2 —vz)3 . 6u }du+

b+9(u2—v2)2F £l+9(u2—v2)2 g

+[ 18v(u2 —v2) o, —6v 3}1\/’
Ll+9(u2—v2)2F Ll+9(u2—v2)2F

Es_[ —3u? +3v? 6uv 1

\/1+9(u2 +v2)2 | \/1+9(u2 +v2)2 | \/1+9(u2 +V2)2 ]

w

2
18'3U(U23—v2)2+6u e 6u[1+9(3uZ_vz) }

[1+9(u2—\,2)2}2\/1+9(u%+\,2)2 [1+9(u2_vz)2}zm

du,

0,E, -E, =

558



The 6™ International Days of Statistics and Economics, Prague, September 13-15, 2012

[1+9(U2 —vz)z}2 \/1+9(u2 +v2f {1+9(u2 _Vzﬂz \/1+9(u2 f
_ — 6vav
_ \/1+9(u2 —v2)2 \/1+9(u2 +V2)2 '
The result is
6udu —6vdv

3 = > = .
\/1+9(u2 —v2) \/1+9(u2 +v2)

The differential of the form da, = @, A @;, is essential for calculation of the Gauss curvature. Let

us study the following equations:
d o, =w3 /w03 =
_ 6u du — 6v dv R 6v[1—9(u4—v4)]du+6u[1+9(u4—v4)]dv
\/1+9(u2 —v2)2 \/1+9(u2 +v2)2 \/1+9(u2 —v2)2 (1+9(u2 +v2)2j
_ 36u2[1+9<u4 —v4)]du /\dv+36v2[1—9(u4 —v4)]
[1+9(u2 —vz)z}[l+9(u2 Jrvz)z}2
_ 36[u2 +u? .9(u4 —v4)+v2 —v? .9(u4 —v4)]
[1+9(u2 —vz)z}[l+9(u2 +Vz)2}2

_ 36[(u2 +v2)+ (u2 —vz)-9 (u? +v?)(u? —vz)]
3
[1+9(u2 —vz)z}[l+9(u2 +V2)2:|2
36(u2+v211+9<u2—v2)2} |

=- : -
1+9(u2_\,2)2 [1+9<u2+v2)2}2 J(1+9(u? +v?)

2,2
_ 36(u +V)_2:—K,

_1+9(u2 +v2)2

du A dv

du A dv

du A dv

91 /\02
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where K is the Gaussian curvature. We have

—36(u® +Vv?)

[1+ 9(u? +v2)2}2

oy Aoy, =K =

2 Weingarten method

Equation E; - Ej =0, 1, ] =123 gives dE; - Ej =0, which means ouEs € TX(M )

j’
OBy € T, (M)

We have
auE3 Xy = — o )
\/1+9(u2 +v2)2
auE3 . XV = 6V ]

\/1 + 9(u2 + vz)z

6uE3 = ﬂll Xy +ﬂ12 "Xy
auE3 Xy = ﬁllxu Xy +ﬂ12Xv "Xy o
auE3 "Xy = ﬂllxu - Xy +1812Xv "Xy

\/ iju 2)2 B ﬂ11(l+9(uz _V2)2)+1312(_18UV(U2 _Vz))
1+9Uu” +v
v - 11(— 18uv(u2 - vz)zj + ﬂlz(l + 36u2v2),

\/1 + 9(u2 + v2)z

We have system of two equations for f,;, B, . Thanks to Cramer’s rule we obtain

1+ 9(u2 —v2)2 —18uv(u® —v?)

. ) =149 +v? ) |
—18uv(u® -v°)  (1+36u-v?)

Further we have
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—6u

V1+ 9<u2 +v2)2

6v

V1+ 9(u2 +v2)2

b=

—18uv(u® -v?)

1+ 36u°v?

_- 6ul(t+36uv?)+ 6v-18uv(u? —v?)|

(1+9(u2+v2)2)%

_ —6ult+36uv? —18uPv2 +18v*] —6ufl+18v?(u? +v?)]

£L+9(u2+v2)2]g
1+ 9(u2 —v2)2

£L+9(u2+v2)2]g

- 6u

bir =

\/1 + 9(u2 + v2)2

6v{1 + 9(u2 - vzﬂ — 6u - 18uv(u® — v?)

—18uv(u2 _Vz) \/1 ; 9(SZ+V2)2 ) \/1 + 9(u2 +v2)z 1+ 9(u2 +V2)2 )
_ 6v[1 +9u® —18u?v? + 9v* —18u” + 18u2v2] _ 6v[1 - 9(u4 —v“)] |
\/1+9(u2+v2)2 (1+9(u2+v2)2) [1+9(u2+v2)2};
We have

Analogically we obtain

—6u [1+18v2 (u2 + v?‘)]

[1+ 9(u? +Vz)2f

V4)3].
[1+9(u2 Jrvz)z}2

B =

ﬂlzzﬁv[l—g(u“—

6V
\/1 +9(u2 +v2)Z
6u

\/1+9(u2+v2)2 |

av E3 = ﬁZlXu + ﬂZZX\/'

5VE3 . XU =

aVES Xy =
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\/ (6;/ 2)2 :ﬁ21[l+9(uz—VZ)Z}Fﬁzz[—ISUV(uz_VZ)l
1+9Uu“ +v

6u

\/1+9(u2 +v2)2 |

0,B3-X, = BoXy - X, + B, - X,

6VES'XU =

6u

\/1+9(u2+v2)

1+ 9(u2 —v2)2 —18uv(u® —v?)
—18uv(u®-v?)  1+36u?v?

= :ﬂzl[—18UV(u2 —vz)]+ﬁzz[1+36U2V2]

D= :1+9(u2+v2)2

ov 3 2 2
\/1+9(u2+v2)2 e 1

B = 6U o | 2

1+36uU°v 1+9(u2+v2)

\/1+9(u2+v2)2

_ 6v[1+36u2v2 +18u? (u? —vz)]= 6v[1+36u2v2 —18u’v? +18u4]
3 3
[l+9(u2+v2)2}2 [1+9(u2+v2)2}2

_ 6v[1+18u2(u2 +v2)]
=

[1+9(u2+v2)2}2

1+9(u? -2 ov

. + (U V)z \/1+9(u2+\/2)2 | . )

” —18uv(u2—v2) ou 1+9(u2+v2)2
\/1+9(u2+v2)2
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i+ out —18uAv2 + vt +18vE (U2 —v)|  Gufi+out +ovt —18v?|
- 3 - 7=
[1+9(u2+v2ﬂ2 [1+9(u2+v2)2}2

_ 6u[1+9(u4—v4)1,

[1+9(u2 +v2ﬂ2

Weingarten map can be represented by the matrix ¥/

~6uft + 18v2(u? +\;2)] ovli —ofu* —v4)l
[1+9(u2+v2)2}2 {1+9(u2+v2)2}2

6v[1+18u2(u2 +v2)] 6u[1+9(u4 —V4)]
3

[1+9(u2+v2)2}2 [1+9(u2+v2)zf

AsW (x,)=—0,E; and  W(x,)=—-0,E we obtain:

ﬂll ﬁlZ

W =
1321 ﬁ22

6u[1+18v2(u2 +vj)] —6v[1—9(u4 —v43)-
[1+9(u2+v2)2}2 [1+9(u2+v2)2}2

—6v[1+18u2(u2 +v2)] —6U[1+9(U4 —V4)-.

[l+9(u2+v2)2}; [1+9(u2+v2)2}§
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_ —36u2|1+18v2(u2 +v2)|1+9(u4 —v“)|—36v2|1+18u2(u2 +v2)|1—9(u4 —v4)|

det(- W) 3
[1+9(u2 +v2)2}
_-36 u? +18u2v2(u2 +v2)+9u2(u4 —v“)+18~9u2v2(u4 _V4)+V2]+
573
[1+9(u2 +v? }
[l8u2v2(u2 +v2j—9v2[u4 —v4)—18~9 u2v2(u4 Ve )}
+

[m(uzwzfr

_36{@2+v2)+36u2V2(uz+v2)+9(uz_vz)2(uz+vzﬂ
{1+9(u2+v2)2:|

—36(u2+v2)[l+36u2v2+9u4—18u2v2+9v4}
3
2
{1+9(u2+v2) }
-36 u2+v2 1+9 u2+v2 ? 2 2
—36(u +V )
3 - 2
2 2
{1+9(u2+v2) } [1+9(u2+v2j }

—36(u? +v?)

{1 + 9(u2 +v2)2}2 |

As was given before, the Gaussian curvatureis K =

Further we obtain
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H-L W) :%6u[1+18\/2 (UZ +V2)_1_93(u4 —V4):| i 27u[2u2v2 4oy —U43+V4] )

[1+9(u2+v2)2}2 [1+9(u2+v2)2}2

2rufutv? +3vt —ut] 54U’V +81uv¢ —27u°
- 3 - 3 )
b+9(u2+v2)2F Ll+9(u2+v2)2F

So the trace of the matrix (— ¥/) is

3,2 4 5
H =ltr(—‘W)=54u v +8luv” —27u .

2 b+9(u2+v2)2]%

Conclusion

By the method of moving frame we reached that the result of Gaussian curvature is
—36(u’® +Vv?)

[1+9(u2 +v2)2}2 |

By the method of Weingarten mapping we reached that the result of Main curvature is

K =

H :%tr(—‘W)

B 54uv? +81uv? —270°
= T

[1+9(u2 +v2)2}2
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