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APPLICATION OF CARTAN´S MOVING FRAME METHOD 

Miloš Kaňka 

 

Abstract 

The aim of this article is to give basic geometrical characteristic of sphere and torus, but 

mainly of Cobb-Douglas functions used in economics. We are going to study these functions 

as regular surfaces in 3R . Applying the method of Cartan moving frame we obtain 

geometrical description of Cobb-Douglas function  used in economy 

   vuAvux , ,   where 1A ,  u > 0  , v > 0  and Rα, β . 

Key words:  Orthonormal frame, tangent space, Gaussian curvature, Mean curvature, 

Maurer-Cartan equations, Cartan’s lemma 
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Introduction 

Let 2RU  be an open neighbourhood of a point (u,v)   U  and 3: RUx  a regular  map. 

A subset 3RM  is called a regular two dimensional surface in 3R  if for each p M  there 

exist an open neighbourhood  V  of  3Rp  and a map MVUx :  of an open set 

2RU onto MV   such that x  is a differentiable homeomorphism and  the differential 

   ( ):q q x qdx T U T M  is injective for all q U , .)( pqx    Then it is possible to choose in 

( )x U  an orthonormal moving frame 1 2 3{ , , }E E E  in such a way that 1 2, E E  are tangent to 

( )x U  and  3E  is a non-vanishing normal to ( )x U . 

 

1 Basic equations 

We first discuss the Cartan structural equations for a two-dimensional surface in 3R . 

Differentiating a map ( , )x u v  we obtain   

,dvxduxdx vu   

where vu xx ,  are tangent vector fields. Let us denote  moving frame  },,{ nxx vu   where  n  

is a normal vector field, and 
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is a unit normal field.  With respect to the orthonormal moving frame },,{ 321 EEE  we  define 

forms 

 .1, 2, 3,                 idvxEduxEdxE viuiii  (1) 

Since ux  and vx  are tangent to ( )x U  we have 3     0E dx N dx   which implies 3 0  . 

Each vector 33: RR UE
i

 is a differentiable function and the differential 

    MTUTdE qxqi )(: 
 

is a linear map. We may write (using Einstein's notation) 

jiji EdE  , 

where ij  are linear forms on 3R  and since iE  are differentiable ij  are nine differentiable 

forms. We have 
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. (2) 

Differentiating equation  ijji EE  where ij  is the Kronecker’s symbol, we obtain   

.0 jiijjiji dEEEdE   

Forms  ij are antisymmetric 

 .  ,  0 jiijii    (3) 

From (2) and (3) follows 
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. (4) 

Forms dx  and idE  have vanishing exterior derivatives, which means 

02 xd    and   2 0id E  , where 1,2,3.i   

So we have 

 .0 22221111
2  dEdEdEdExd   (5) 

Substituting (4) into (5) we obtain 
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vu
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,
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     .   0222323121111313212   dEEEdEEE  (6)  

From (6) follows 

       .0      32231132112212211  EEdEd     (7) 

The linear independence of vectors 1 2 3, ,E E E  and equation (7) gives the following equations: 

 

.0

,

,

223113
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d

d

 
(8) 

(9) 

(10) 

Exterior derivatives (4) gives: 

    ,

,

        

   










EEEEEEd

dEEddEEdEd




 

we have 

     .0323 12 13 232 13 12  EdEd   (11) 

From (11) follows 

  12 13 32,d     

 13 12 23.d     
(12) 

Analogically: 

   

    .0    

,0)  (

,0          

13123213132123

2321312332331321221121

3233231211212

2







EdEd

EEEEEEd

EdEdEdEdEd







  (13) 

From (13) follows 

  23 21 13,d     

 21 23 31.d     
(14) 

Equations (8), (9), (10), (12) and (14) are called Maurer-Cartan structural equations. From 

equation (10) and Cartan's lemma follow 

s 

 .      , 2221122321211113    (15) 

From (15) and (12) we have 

 
 

). ()(

 

222112212111

2313321312







d
  (16) 

Equation (16) gives 

  ,2121

2

12221112   Kd  

where 2

11 22 12K      is the Gaussian curvature. 
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2.Examples 

2.1 Example 1. Sphere 32 RS  

Local parametrization of the sphere 32 RS  is given by the map 

        .
2

, 
2

2 ,0,where,sin, sincos, coscos 










vuvruvruvrvux ,

 

The moving frame is 

   

 

 .v,vu,vu v rn

,v,uv ,uvrx

, ,u,u vr  ,uvr, uvrx

v

u

sincossincoscoscos

cossinsincossin

cossincoscoscossincos








 

Orthonormal moving frame is 

 

 

 .v,vu,vuE

,v,uv ,uvE

,, u,uE
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cossinsincossin
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The differential dE equals 
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Forms 12  and 13  are 

v du.duuvuvEdEω

v du,duuvuvEdEω

cos)sincoscoscos(

sin)sinsincos(sin











 

Analogically we have 

 

 

   dv.v, uv, uvdu, uv, uvdE

.v ,uv ,uvE

, ,uv ,uvE
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sinsincoscoscos

cossinsinsin













 

Forms 21 and 23  are 

   

 

 
 
  dv.dvvu)uv(

dvvuvuv

dvvvuuvvuuv

duvuuvvuuvEdEω
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The differential dE equals  

 

    .cossinsinsincoscoscoscossin

,cossinsinsincos

,coscoscossin

dvvv,uv,uduv,uv,udE

v)v,uv,u(E
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Forms 31  and 32  are 
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The forms 1  and 2  are: 
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From exterior product   dv v durθθ  cos2

21    
follows   .

cos

1
212

θ θ
vr

dvdu 
 

Further we have 

dv,v duωω  cos3231  

and 

31 32 1 2 1 22 2

1 1
cos       .

cos
v

r v r
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The equation 

 31 32 1 2,K        

where K  is Gaussian curvature gives 

 .
r

K
2

1
  

 

2.2 Example 2. Torus 32 RT  

Local parametrization of the torus in 3R  is given by the map 

       .vb,uvba,uvba,vux sinsincoscoscos   

The moving frame has the form 

   

 

 .v,vu,vun

,v,uv, uvbx

,, u,uvbax

v
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The orthonormal frame can be written in the form 
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So   .0, sin, cos1 duuudE 
 

Forms 12  and 13  are 
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Further we have 
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We have 
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The equation 

 ,   2112   Kd  

gives the formula for Gaussian curvature K . 

 .
)cos(
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2.3 Example 3. Gaussian curvature of Cobb-Douglas surfaces 

Let       , , ,  vuvuvux  , where u > 0  , v > 0  and  R ,   are studied Cobb Douglas  surfaces: 
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The moving frame is 

 
 
 .  1,   ,   

,,   1,   0

,,   0,   1

11

1

1

























vuvun

vux

vux

v

u

 

Let us denote 
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Orthonormal moving frame has the form 

.
1

,  ,  

,
 

,  
 

,  
 

,,    0,    
1

11

3

11212

2

1

1








 









 









 








BB

vu

B

vu
E

BA

vu

BA

A

BA

vu
E

A

vu

A
E













 

We have 
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Analogically we obtain 
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The exterior product of 31  and 32  is 
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Further we have 
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Analogically we obtain 
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Finally we have 

 ,  dvdu
A

B
A  21   

which means 
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The final result is 

 
 

. 
1

212

2222

3231 











B

vu
 

The Gaussian curvature equals 
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Conclusion 

Two economical examples served as an illustration of Maurer-Cartan equations and we 

reached the following results: 

The Gaussian and Mean curvatures of the surface are : 

Example 1: 
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Example 3: 
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