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APPLICATION OF CARTAN’S MOVING FRAME METHOD

Milo§ Kanka

Abstract

The aim of this article is to give basic geometrical characteristic of sphere and torus, but
mainly of Cobb-Douglas functions used in economics. We are going to study these functions
as regular surfaces in R®. Applying the method of Cartan moving frame we obtain

geometrical description of Cobb-Douglas function used in economy
x(u,v)=A-u*-v”, where A=1, u>0,v>0 and o  €R.
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Introduction

Let U —R? be an open neighbourhood of a point (u,v) € U and x:U —R?® aregular map.

A subset M cR® is called a regular two dimensional surface in R® if for each pe M there
exist an open neighbourhood V of peR® and amap x:U -V nM of an open set
U cR?onto V n M such that x is a differentiable homeomorphism and the differential
dx,: T, (U) > T, (M) isinjective forall qeU, x(q) = p. Then it is possible to choose in
x(U) an orthonormal moving frame {E,,E,,E,} in such a way that E ,E, are tangent to

x(U) and E, is a non-vanishing normal to x(U).

1 Basic equations

We first discuss the Cartan structural equations for a two-dimensional surface in R®.

Differentiating a map x(u,v) we obtain
dx = x, du + X, dv,
where x,,, X, are tangent vector fields. Let us denote moving frame {x,,X,,n} where n

is a normal vector field, and
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X XX
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is a unit normal field. With respect to the orthonormal moving frame {E,, E,,E;} we define

forms

6, =E; dx=E; x, du+Ej x,dv, i =1,2,3

Since x, and x, are tangentto x(U) we have E,dx = Ndx =0 which implies €, =0.

Each vector E, :U =cR® —» R’ is a differentiable function and the differential

dE; : TqU) > Ty(M)
is a linear map. We may write (using Einstein's notation)

dEi = a)lej,

1)

where e; are linear forms on R® and since E; are differentiable «j;; are nine differentiable

]

forms. We have

dE, W, @, O E,
dE, |=| @y @y, @y || E; .
dE, W3, W3, (W33 E,

Differentiating equation E; - E;
dEiEj =+ EldEJ = a)” =+ a)ji = 0.

Forms w; are antisymmetric

From (2) and (3) follows

Forms dx and dE; have vanishing exterior derivatives, which means

d?x =0 and d%E =0, where i=12,3.

So we have

0= dzx = dEl A 91 + Eldel + dEZ A 92 + Ezdez.

Substituting (4) into (5) we obtain

544

= ojj Where &;; is the Kronecker’s symbol, we obtain

)

(3)

(4)

(5)



The 6™ International Days of Statistics and Economics, Prague, September 13-15, 2012

(@12E; + @13E3) A O +E1d0y + (021Eq + @p3E3) A O + Exd 6, = 0. (6)
From (6) follows
(d61+ Wy /\6’2) E +(d92+ @, /\6’1) E, +(a)13 A6+ 0y /\62) E, =0. (7)

The linear independence of vectors E,, E,, E, and equation (7) gives the following equations:

déy = wp A 0y, (8)
d6, = w1 A 6y, (9)
Oza)_|_3/\01+a)23/\92. (10)

Exterior derivatives (4) gives:

0= dzEl = da)lez — Wiy N dE2 + d(()13E3 — W13 N dE3,
do,E) — @) A (6021E1 + a)23E3)+ @13E3 — @13 A (0131E1 + 6032E2) =0,

we have
(dw1p — @13 A @32)Ep + (dwy3 — w1 A @53)E5 = 0. (11)
From (11) follows
day, = s A @y,
(12)
dw, =@, A @y,
Analogically:
d’E, =dw,,E, — @,, AdE, + d ®,, E,— @,, A E, =0,
dw,,E, — @, A (cole2 + a)13E3) + @,5E; — @,, A (05, + @5, E,) =0, (13)

(d Wy3 — Wy N a)lS) E, +(d Wy = Wz A 6031) E, =0.
From (13) follows

dwy, = 0, Ay,

(14)
daw,, = w, Aoy,
Equations (8), (9), (10), (12) and (14) are called Maurer-Cartan structural equations. From
equation (10) and Cartan's lemma follow
s
w13 = o161 + a1pbh,  p3 = a0 + abh. (15)
From (15) and (12) we have
A, =0 A0, =—0; A0y = (16)

= (.0, + 1,0,) A (0,0, +0,0,).
Equation (16) gives
day, = _( allaZZ_alZZ ) G0, =-K G nb,,
where K = a,,a,, — &, is the Gaussian curvature.
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2.Examples
2.1  Example 1. Sphere S? cR®
Local parametrization of the sphere S* = R® is given by the map

x(u,v)=(rcosvcosu, rcosvsinu, rsinv), where (u,v)e(0,27)x [—%%)

The moving frame is

(- rcosvsinu, rcosvecosu,0)=rcos v(-sinu,cosu,0),
r(-sinvcosu, —sinvsinu,cosv),

Xy

Xy

n=r?.cos v(cosucosv,sinucosv,sinv).

Orthonormal moving frame is

E, = (-sinu,cosu, 0),
E, = (~sinvcosu, —sinvsinu,cosv),
E; = (cosucosv,sinucosVv,sinv).

The differential dE,equals
0,E; = (~cosu, —sinu,0),
6,E; = (0,00),
dE, = (—cosu, —sinu, 0)du.

Forms @, and @, are

w, = dE; - E, = (sinvcos? u + sinvsin? u)du = sinv du,
w3 = dE; - E5 = (—cosvcos® u — cos vsin? u)du = —cos v du.
Analogically we have
d,E, = (sinvsinu, —sinvcosu, 0),
d,E, = (—cosvcosu, —cosvsinu, —sinv).

dE, = (sinvsinu, —sinvcosu, 0)du + (- cosvcosu , — cosvsinu, — sin v)dv.

Forms w,,and @,, are

w,; = dE, - E; = (— sinvsin? u — sin v cos? u)du + (sin u cos v cos u — cos u cos vsin u)dv
= —sinv du,
w,3 = dE, - E5 = (sinvsin u cos u cos v — sin v cos u sin u cos v)du

+ (— COS V COS U - COS U COS V — COS V Sin U Sin U cos v — sin? v)dv
- (— cos” v cos? u — cos? vsin? u — sin? v)dv -

= (— cos? v( cos® u + sin? u) — sin? v)dv = —dv.
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The differential dE;equals

d,E; = (~sinu cos v,cos u cos v)),
O0yE; = ( —cosusinv,—sinusin v,cos V),

dE; = (— sinu cos v,cos u cos v0)du + (- cos u sin v, — sin u sin v,cos v)dv.

Forms w,, and w,, are

wy; = dE5 - E; =
= (sin2 U COS V + COS” U COS v)du +
+ (sin u cos u sin v — sin u sin v cos u) dv
= cos vdu,
w3 = dE; - E,
= (sin u cos vsin vcos u — cos u cos vsin vsin u)du +
+ (cos® usin? v + sin? usin? v + cos? v) dv
= dv.

The forms 6, and 6, are:

0, = E;(x,du + x,dv) =
= (~sinu,cosu,0)(~rcosvsinu, rcosvcosu,0)du +
+(=sinu,cosu,0)(~rsinvcosu, —rsinvsinu, rcosv)dv

= (rsin®ucosv + r cos? ucosv)du +
+ (rsinucosusinv — rsinvsinucosu)dv
= rcosv du,
0, = E,(x,du + x,dv) =
= (—sinvcosu, —sinvsinu,cosVv)(- rsinucosv, rcosucosv,0)du +
+(=sinvcosu, —sinvsinu,cosv)(-rcosusinv, — rsinusinv, r cosv)dv
= (rsinvcosusinucosv - rsinvsinucosucosv)du +
+ (r sin? v cos? u + rsin? vsin? u + r cos? v)dv
= rdv.
1

From exterior product 6, A6, =r’cosvdundv follows duadv=——— 6, A0,.
recosv

Further we have

Wy A g, =COSV du A dv,

and
1

Wy A @y, =COSV 6’1/\492:?491/\02.

r?cosv
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The equation

Oy Ny =K -6, N6,
where K is Gaussian curvature gives

2.2  Example 2. Torus T? c R®

Local parametrization of the torus in R® is given by the map

x(u,v) = ((a + bcosv)cosu,(a + bcosv)sin u,bsin v).
The moving frame has the form

x, = (a+bcosv)(~sinu,cosu, 0),
x, =b(=sinvcosu, —sinvsinu,cosv),
n=(cosucosv,sinucosv,sinv).
The orthonormal frame can be written in the form

E, = (-sinu,cosu,0),

E, = (-sinvcosu,-sinvsinu,cosv),
E; = (cos u cos v, sin u cos v, sin v).

au El
av El

(- cosu,—sinu,0)
(0,0,0)

So dE, =(—cosu,—sinu, 0)du.
Forms @, and @, are
o, = dE; - By =

= (- cosu,-sinu,0)du - (- sinvcosu,-sinvsinu,cosv) =
= (sinvcos2 u +sinvsin?u + O)du = sin vdu,

w3 = dE, - E5 =
= (~cosu,-sinu, 0)-(cosu cosv,sinucosVv,sinv)du =

= —cos?ucosv —sinucosv = —cos vdu.
Further we have
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6, = E;(x,du + x,dv) =
= (= sinu,cosu, 0)-[(a + b cos v)- sin u, cos u,0)du + b(~ sin v cos u,—sin v sin u, cos v)dv] =
= (a+bcosv)+bfsinucosusinv —sinucosusinv + 0] =
= (a+bcosv)du

0, = E,(x,du + x,dv) =

(—sinvcosu,—sinvsinu,cosv)-

-[(a + b cos v)(— sin u, cos u,0)du + b(— sin vcos u,—sin vsin u, cos v)dv]
= (a + b cos v)[sin v cos u sin u — sin vsin u cos u + 0Jdu +

+b [sin2 v cos? u + sin? vsin? u + cos? v ]dv
=b [sin2 v(cos2 u + sin? u)+ cos? v] dv = b dv.
We have
L, =sinvdu,

6, =(a+bcosv)du, 6,=b dv,
6, A6, =b(a+bcosv)du A dv,

dundv=————""——6, n6,,
S b rbeosv)
dw,, =—Ccosv du A dv,
cosV
do,=———"—"—"———#H—+6, rG,.
“ = "hla+boosv) 72

The equation
day,=-K- 6, A6,
gives the formula for Gaussian curvature K.

B cos v
b(a + b cosv)

2.3  Example 3. Gaussian curvature of Cobb-Douglas surfaces
Let x(u,v)= (u,v,u"‘ -Vﬂ) ,whereu>0,v>0 and «,f €R are studied Cobb Douglas surfaces:
x(u,v) =(u,v,u-v*)
(u-v#), =a-u“t v,
(ue-v7), = ﬁ u® v~
(u"‘ ) 1)-u*?v’,
(ua )W ua Vﬂ—Z,

v
(u“ v )uv—a ,B u’)‘1 vt
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The moving frame is

Let us denote
A=1+qa? -u*?.v?*,
B :1+a2 _u2a—2 'VZ'B +ﬂ2 .u2a ‘VZﬂ—Z-

Orthonormal moving frame has the form

1 a-utv’
E = ) O, ’
' (JX JA J
[_aﬂ.UZa—l.VZﬁ—l A ﬂ'ua.vﬁ—lj
E,= ,

JAaYB T JAVB' JAWB
. :(—mu“‘l-vﬁ —p-utvit o1 J

VB VB VB
We have
—a’ -(a—1)~u2“’3~vzﬂ 0{-(05—1)-u”"2 vF
o,E = IXE 0, IXE J
—_— ol _ﬂ.UZa—Z-VZﬂ—l 0 a.ﬂ.ua—l'vﬁ’—l
vl IE el IXE |

dE, =0,E, du+0,E, dv,
)- B -u*? -VZ’H] du + [a pEutet -vz’”] dv
AVB '
o (@=1)-u? v ]du-|a - g2 uet v dv
JA VB '

w,=dE, -E, = [05'(06—1

w,, =dE; - E, =

Analogically we obtain
aZ '(05—1)~,3-U3a_3~V3ﬂ_1—a'ﬂ~ua_l-vﬂ_l~A
ez ™ JAB
a? ‘ﬂz ude? . 3h2 —,B-(,B—l)'ua wWEZLA
JAB

du +

+ dv.

The exterior product of @,, and a,, is
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—a3-(a—1)-ﬂ2-u4“‘4-v4ﬁ‘2+ a-ﬂ-(a—l)-(ﬂ—l)-uza_z-VZﬂ_Z-A

Wy N\ W3y = A.B? du A dv+
3' _1). 2. 4a—4' ap-2 2' 2. 2a—2_ 2,8—2_
I (a-1)-p%-u \;\Ba/za R R AT,
B A NN AR 1) 112072 \28-2 _ 2 p2 [ 20-2 \,28-2
_a-f-(a-1)-(-1)-u 3\//2 af prout I
B
Bla-B-a- —a- B)ude? .y
_apap-a ﬂBté ) R
N 20-2 22
-2 pla [é;l)u Y dundv.
Further we have
6 = Ejx,du + Ejx,dv, i = 1,2.

Specially
6, = E;X,du + E x,dv

y*t.y? u¥t.yf

:[\/%,O,a u\/K v ](1,O,a.u“1-vﬁ)du+(\/1x,0,a u\/K v J(O,l,ﬂ.u“-vﬂl)dvz
Caop2al \2p1

=JAdu+Z p u\/K Y dv.

Analogically we obtain

6, = E,x, du+ E,x,dv =

_[ a_ﬂ‘UZa—l‘VZﬂ—l 1+ g2 -u2et.y2s ﬂ_ua‘vﬂ—l

- NV , NG “TiTs ](1,0,a-u“l-v")du+

+{ a.ﬂ.UZa—l.VZﬂ—l 1+ q? -y2t.y2A ﬂ_ua_v/}—l

JAVB ' JAVB ' JAUB J(O,lyﬂ-u“-v“)dv

_1+a2 NTL Yy LT

JAVB

dv.

Finally we have
B
6 A 6O =+A —du A dy,
o JA

which means
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x

JB

du A dv = 91 /\92.

The final result is

a.ﬂ.(l_a_ﬁ).u2a72 .V2ﬂ72
BZ

W31 N W3y =

O NO,.

The Gaussian curvature equals

a_ﬂ'(l_a_ﬂ)‘UZa—Z .VZ,B—Z
- (1+ 0(2 ‘u2a72 _V2ﬂ +,6’2 .u2a ‘Vzﬁfz)z ’

Conclusion
Two economical examples served as an illustration of Maurer-Cartan equations and we
reached the following results:

The Gaussian and Mean curvatures of the surface are :

Example 1:

=L

r
Example 2:
3 cosv

b-(a+bcosv)

Example 3:
a-f-0—a-pB)-u>? .y
- (1+a2 'UZa—Z ‘VZﬂ +ﬂ2 _uza _VZﬂ—Z)Z ’
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