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REGULAR PARAMETRIC SURFACES IN R
3
 

Miloš Kaňka 

 

Abstract 

The principal objects of this paper are regular parametrical surfaces in  3R . The method we 

are going to use is based on Weingarten mapping. We are going to suppose that the mapping 

3R: Ux , where    2RUu,v  and   3Ru,vx , is regular. Symbols ux  and vx  are used in 

this paper instead of xu , xv  etc. These vectors form the basis of tangent space  M T u,vx  (see 

Fig.1). On  MTx  we can construct moving frame ( vuvu x,  x,  xx  ). Vectors ux  and vx  are 

tangent vector fields of (M)Tx , nxx vu   is a normal vector field  and
vu

vu

xx

  x x
  N




 is  

a unit normal vector field. 

Key words:  Weingarten Map, First and Second fundamental forms, structural equations, 

Gaussian and Mean curvature 

JEL Code:  C00 

 

Introduction 

Let 2RU  is an open neighborhood of a point ( ) Uvu ∈,  and 3R: Ux  is a regular map  

(which means that the rank of Jacobian matrix ( )( ) 2=u,vxJ ). A subset 3RM  is called a 

regular two dimensional surface in 3R  if for each point ( , )x x u v  there exist an open 

neighborhood V  of    3R, vux  and the map V Mx:U  2R of an open subset 

2RU  onto V M  is such that  

1. x  is a differentiable homeomorphism , 

2. the differential    M TU: Tdx x(q)qq   is injective for all Uq  . 
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Fig. 1 

 

 

 

1 Structural equations 

Let U  is an open neighborhood of the point   2R∈,vu  and  x:U 3R a regular map. 

Let   3R  VM U x , where V  is a neighborhood of the point ( , )x u v . 

( )xT M  is the tangent plane to the surface M  at the point  ,x x u v . Tangent vectors ux  

and vx  generate vector space   ( )xT M  (see Fig. 1). 

Let N   
vu

vu

xx

xx

    

    




 be a unit normal of the surface M . So we have 

 0,         0,         1.u vN x N x N N       (1) 

From (1) follows that ( )u xN T M  and ( )v vN T M . 

Remark 1. The first fundamental form of the surface is:   

   . , ctors   wwhere   ve,   , MTwwwwwF x   

In case 1 2  w w w  , we have 

   

      ,2,

,ctor   wwhere   ve,     ,

22

2

1211

2

1

1

gbabggabxaxbxaxwwF

MTwwwwF

vuvu

x




 

where 11 12 22,     ,    u u u v v vg x x g x x g x x      . 

The first fundamental form can be written in the matrix form 

    ,,, 























b

a

gg

gg
bavvF  
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and can be represented by the matrix 

F 1   
11 12

12 22

.
g g

g g

 
  
 

 

Definition. Let M  be a regular surface in 3R  and let N  be a unit normal defined in certain 

neighborhood of the point  x M . Weingarten mapping is a linear mapping defined by the 

formula 

 

where )(MTN xv   and  vN is the derivative of N  in the direction v . 

From the previous definition follows 

 

So we have 

 
   

    .,        

,,        

vvvvuvuv

vuvuuuuu

xNxxWxNxxW

xNxxWxNxxW




 (2) 

Formula (1) gives 

 

 

 

 

  .

,

,

,









vvvvvv

vuvuuv

uvuvvu

uuuuuu

xNxNxN

xNxNxN

xNxNxN

xNxNxN

 (3) 

From (3) follows 

  ,uv v u v uN x N x W x x       

and 

  ,vu u v u vN x N x W x x       

which means 

     .v u u vW x x W x x    (4) 

As ux  and vx  is the basis of ( )xT M  we have 

 11 12 ,u u vN a x a x    (5) 

 21 22 .v u vN a x a x    

From (2) and (3) follows 

 

 

 

 

  ,

,

, 

,

2222122122

1222112121

2212121112

1212111111

gagaxNxxWL

gagaxNxxWL

gagaxNxxWL

gagaxNxxWL

vvvv

uvuv

vuvu

uuuu









 (6) 

,)( vNvW 

.)(    and          )( vu NvWNuW 



The 6
th

 International Days of Statistics and Economics, Prague, September 13-15, 2012 

 

533 
 

where  11 u uL W x x  ,   12 u vL W x x  ,   21 v uL W x x   and   22 v vL W x x  . 

The equation (4) gives 12 21L L .  

The equation (6) can be written in the form 

.
 

2212

1211

2221

1211

2212

1211



























gg

gg

aa

aa

LL

LL
 

If we denote  L 
11 12

12 22

 L L

L L

 
  
 

,   A 
11 12

21 22

a a

a a

 
  
 

  and   G 
11 12

12 22

g g

g g

 
  
 

, we obtain 

                              L   A  G   or   L G 1   A,                                              (7) 

where 

G 1
  =

2

11 22 12

1
   

g g g
 

22 12

12 11

   
.

   

g g

g g

 
 
 

 

Remark 2. The second fundamental form of surface is 

    2 1 2 1 2, ,   F w w W w w  where  vectors   ,,  21 MTww u  

        2 , .u v u vF w w W w w W ax bx ax bx       

Thanks to linearity of W  we have 

 

        

       

        . 

,

22

22

2

vvvuuvuu

vvvuuvuu

vuvu

xNbxNabxNabxNa

xxWbxxabWxxabWxxWa

bxaxxbWxaWuuF







 

So we have 

      . 22),( 22

2

1211

222

2 LbLabLaxxWbxxabWxxWavuF vvvuuu   

The second fundamental form can be expressed in matrix form 

  .
 

),(,
2212

1211

2 

















b

a

LL

LL
bauuF  

The second fundamental form can be represented by the matrix 

F 2 
11 12

12 22

 
.

L L

L L

 
  
 

 

The equation (7) gives 

.
   

    1

1112

1222

2212

1211

2

1222112221

1211

































gg

gg

LL

LL

gggaa

aa
 

After a short calculation we obtain 
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.,        

,,        











































ggg

gLgL
a

ggg

gLgL
a

ggg

gLgL
a

ggg

gLgL
a

             (8) 

From equations (8) follows, that Weingarten mapping can be represented by the matrix 

W  
11 12

21 22

.
a a

a a

 
  
 

 

Mean curvature is 

                                      H   
2

1
tr W















ggg

gLgLgL
   

and Gaussian curvature is 

K   det  W  











ggg

LLL
    

det

det





F

F
. 

 

Example 1. Local parameterization of sphere 2S  is 

  )sin, sincos, coscos(, vruvruvrvux     where       .)
2

,
2

(2,0,


 vu  

The tangent vectors ux  and vx  are 

 

   

   

 vvuvurn

vuvuvrvruvruvrx

uuvruvruvrx

v

u

sin,cossin,coscos  

,cos,sinsin,cossincos, sinsin, cossin 

,0,  cos,sin cos0, coscos, sincos

2





 

and the unit normal 

 vvuvuN sin,cossin,coscos . 

We have  

   ,0,coscos,cossin vuvuNu   

 ).cos,sinsin,sincos( vvuvuNv   

From (6) follows 

                             ,  gagaxN uu                               (9)  

 ,  gagaxN vu  

 

 ,  gagaxN uv  (10) 

 ,  gagaxN vv  



The 6
th

 International Days of Statistics and Economics, Prague, September 13-15, 2012 

 

535 
 

Substituting into (9) we obtain 

     vruvruvrvuvuxN uu
 cos,coscos,sincos,coscos,cossin  

and 

   ,coscossinsincossinsincoscoscos 22

11

2

12

22

11

2 vrauuvuuvvravravr   

,,      cos  
vuuu xxvrxN  

,  raaxN vu  

from which follows 12 0a  . So we have 

.    coscos
r

avravr


 



  

Further we have 

0v uN x      and    .rxN vv   

From (10)  and  from the equations  

       ,,     0 2rxxxN vvvu   

,0  cos0 22

2

21  avra  

,               0 2

2221 raar   

follows 21 0a   and   22

1
a

r
  . 

Weingarten mapping   NxW uu   and   v vW x N   can be represented by the matrix  

11 12

21 22

1
     0

.
1

    0

a a r
W

a a

r

 
   

    
     

 

 

For the Gaussian curvature K Wdet  and Mean curvature H Wtr  
 2

1
 , we have K

2

1

r
  as 

was given in (3) and H
r

1
 . 

 

Example 2. Torus   RT : Local parameterization of the torus in R  is given by the map 

      , cos cos , cos sin , sin ,x u v a b v u a b v u b v    

where 0a b  ,  ,(  u and   (0,2v   .  

 

The moving frame has the form 
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 .sin,cossin,coscos 

,cos,sinsin,cossin

,0, cos,sincos

vvuvuN

vuvuvbx

uuvbax

v

u







 

N  is unit normal,  

  ,0,coscos,cossin vuvuNu   

 ).cos,sinsin,sin(cos     vuvvubNv   

Substituting into (9) we obtain 

    2 2cos sin cos cos cos cos cosu uN x a b v u v u v a b v v            

    ,cossinsincossin 00 2

12

222222

1211 bavuvuvbaaxN vu   

which means that  12 0.a  Further we have 

    .cossinsinsincos  2222222 bvuvvubxN vv   

Substituting into (9) we obtain 

 

       
   

 .cossinsincossin

cossinsincossinsincos                                 

,cossinsincossinsincoscoscoscos

222222

22

21

12

2

11

vuvuvba

uuvuuvvbaab

uuvuuvbvbaavbaavvba







  

Previous equations give 

 11cos cos ,v a a b v   

 2

22          ,b a b   

from which follows 11a    
cos

cos

v

a b v
 ,  12 0 a     and    22a   =  

1

b
 .  Analogically 

   ,00sinsincossincossincos  vuuvuuvbaxN uv  

,0 uu xN  

) ,cossinsincossinsincos( 222 vvuuvvubxN vv   

.bxN vv   

Substituting into (10) we obtain 

 

     

  

  .
1

cossinsincossin

sincossinsincossincos

0sincossinsincossincoscos0

22

222222

22

21

2122

2

21

b
avuvuvba                                               

vuuvuuvbabab

,avuuvuuvbaavbaa    







 

Weingarten map can be represented by the matrix 
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11 12

21 22

a a
W

a a

 
  
 

 

which can be written in the form 

cos
0

cos
.

1
0

v

a b v
W

b

 
 

  
  
 

 

The Gaussian curvature is K  Wdet  
 

cos

cos

v

b a b v
  and Mean curvature H  is  

H  Wtr  
2

1
 

   
.

cos2

cos2

cos

coscos

2

11

cos

cos

2

1

vbab

vba

vbab

vbavb

bvba

v





























  

 

 

 

Example 3. Whitney umbrella: 

Local parameterization of this surface is   ),,(, 2vuuvvux  . Moving frame has the form  

 ,0,1,vxu   

),2,0,( vuxv   

 

 22 , 2 , .n v v u    

The unit normal is   N   
2

2 2 4 2 2 4 2 2 4

2 2
, ,

4 4 4 4 4 4

v v u

u v v u v v u v v

 
 

      
. 

From previous formula follows  

 

     
,

44

44
,

44

2
,

44

2

2

3
422

42

2

3
422

2

2

3
422 


























vvu

vv

vvu

uv

vvu

uv
Nu  

 

     
,

44

84
,

44

84
,

44

82

2

3
422

3

2

3
422

32

2

3
422

42






























vvu

uvuv

vvu

vvu

vvu

vu
Nv  

 ,,     1,      
44

2
,  0 2

422
uvxxvxx

vvu

v
xNxN vuuuvuuu 


  

  .4,     
44

2
,     

44

2 22

422422
vuxx

vvu

u
xN

vvu

v
xN vvvvuv 
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From (9) follows 

 

  ,10 12

2

11 uvava   

).4(
44

2 22

1211
422

vuauva
vvu

v



 

Using Cramer’s rule, we obtain 

,44
4

1 422

22

2

vvu
vuuv

uvv
D 




  

2

2 211 2 2 4

2 2 4

0
2

,2
4 4 4

4 4

uv
uv

D v
u v u v v

u v v


 

  
 

 

and 

 
.  

44

2
   

2

3
422

2

11
11

vvu

uv

D

D
a




  

,  
44

)1(2

44

2
01

422

2

422

2

12

vvu

vv

vvu

v
uv

v

D









  

 
 

 

2

12 3
2 2 4 2

2 1
.

4 4

v v
a

u v v




 

 

Analogically we obtain 

,
44

)42(2

4
44

2
44

2

422

22

42

422

422

21

vvu

vuv

vu
vvu

u

uv
vvu

v

D










  

,
44

)21(2

44

2
44

2
1

422

2

422

422

2

22

vvu

vu

vvu

u
uv

vvu

v
v

D











  

and consequentially we have 

 

 

2 2

21
21 3

2 2 4 2

4 2
,

4 4

v u vD
a

D
u v v
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2

22
22 3

2 2 4 2

2 1 2
.

4 4

u vD
a

D
u v v

 
 

 

 

Finally, the matrix represented Weingarten map has the form 

   

 

 

 

 

2 2

3 3
2 2 4 2 2 42 2

2 2 2

3 3
2 2 4 2 2 42 2

2 2 ( 1)

4 4 4 4
.

4 2 2 1 2

4 4 4 4

uv v v

u v v u v v
W

v u v u v

u v v u v v




   


  

   

 

Gaussian curvature  K  Wdet  
2

2 2 4 2

4
    

( 4 4 )

v

u v v



 
and the formula for Mean curvature is   

                                             H  Wtr  
2

1
   

 

2

3
2 2 4 2

3

4 4

u uv

u v v



 

. 

 

Example 4. Hyperbolical paraboloid. 

Local parametrization of this surface is   , ( , , )x u v u v uv   and moving frame has the form 

 1,0, ,ux v     0,1, ,vx u    ),1,,( uvn     ,
n

n
N   

.
1

1
,

1
, 

1 222222 






















vuvu

u

vu

v
N  

The Weingarten map gives 

       and     ,u x v xN T M N T M   

where 

 

 

2

3
2 2 2

,1  , 
  ,

1       
u

uv v u
N

u v

 
 

 

 

 

 

2

3
2 2 2

1 ,  , 
  .

1       
v

u uv v
N

u v

 
 

 

 

From (5) follows 

2

11 12    (1 )   ( ),u uN x a v a uv      

2

11 12    ( )  (1 ).u vN x a uv a u      
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Further we have 

 

2 2

3
2 2 2

1     
     0,            .

1     
u u u v

u v
N x N x

u v

 
     

 

 

The system of equations 

2

11 120 (1 )  ( ),a v a uv    

 

 
   

2 2
2

11 123
2 2 2

1     
  1 .

1     

u v
a uv a u

u v

 
  

 

 (11) 

Using the Cramer's rule we obtain 

2 2 2 2 2 2   (1 )(1 )      1      ,D v u u v u v        

 

 
,

   1
   1

 1

   1

   1
 0

 

2

3
22

22

2

2

3
22

22

11
11

vu

uv

vu

u

vu

vu
uv

det

D

D
a




























  

 

 
.

   1

1

   1

 

   1

   1
01

det

2

3
22

2

22

2

3
22

22

2

12
12

vu

v

vu

vu

vu
uv

v

D

D
a





























  

 

Analogically 

     
.

   1

,   

   1

,

   1

  1
  

2

3
22

2

3
22

2

3
22

2


























vu

v

vu

uv

vu

u
Nv  

,   2221 vuv xaxaN   

 

21 22            ,v u u u v uN x a x x a x x       

 

 

 
),() 1( 

   1

   1
22

2

21

2

3
22

22

uvava

vu

vu





 

2

21 220 ( )  (1 ).a uv a u    

.        2221 vvvuvv xxaxxaxN 
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2 2 2 2 2 2 (1 )(1 )      1      ,D v u u v u v        

 

 
,

   1

1
 

   1

 

10

   1

   1

 

2

3
22

2

22

2

2

3
22

22

21

vu

u

vu

u

uv

vu

vu

det

a































  

 

 
.

   1

 
   1

0
   1

   1
1

 

2

3
22

22

2

3
22

22
2

22

vu

uv

vu

uv
vu

vu
v

det

a





























  

So the Weingarten matrix W  has the form 

   

   

2

3 3
2 2 2 22 2

2

3 3
2 2 2 22 2

1

1      1     
.

1

1      1     

uv v

u v u v
W

u uv

u v u v

  
 
    
 
  
 
    
 

 

Further we have 

K
 

  
 

,
   1

1
         1   

   1

1
  

222

222222

322 vu
vuvuvu

vu
Wdet







  

and 

H
 

.

   1

    
2

1
 

2

3
22 vu

uv
Wtr




  

Conclusion  

Gauss and Mean curvature in studied surfaces are: 

1. Sphere  K 
2

1

r
  and  H  

1
 
r

. 

2. Torus K   
cos

( cos )

v

b a b v
  and  H   

 
2 cos

2 cos

a b v

b a b v




. 

3. Whitney umbrella  K
2

2 2 4

4

4 4

v

u v v



 
.   and  H 

 

2

3
2 2 4 2

3

4 4

u uv

u v v



 

.  

4. Cobb-Douglas surface  K  

 
2

2 2

1

1 u v



 
  and  H  

 
3

2 2 2

  

1

uv

u v



 

. 
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