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GEOMETRY ONE SPECIAL TYPE OF SURFACES IN R
3
 

 Miloš Kaňka - Eva Kaňková 

 

Abstract 

The aim of this paper is to give formulas for Gaussian and Mean curvature of one special type 

of surfaces of the form 

 1321   xxx ,   where   R ,   0 ,   1 . (1) 

Key words: Special type of surfaces in 3R , tangent vectors, unit normal vector, first 

fundamental form, second fundamental form, Weingarten map, Gaussian curvature, Mean 

curvature 

JEL Code: C00 

 

Introduction 

In [4] we studied the Gaussian curvature of surfaces of this type without using their 

parametrical description. To reach the formulas of Gaussian and Mean Curvature, we use in 

this remark parametrical description of (1) in the form 

 1
21213 )1(),( xxxxfx  ,   01 21   xx . 

1 My results 

The tangent and normal vectors at the arbitrary point Sxxxx  ),,( 321  are: 

).1),,(),,(()),,(,1,0()),,(,0,1( 21212121 211211
xxfxxfxxfxxf xxxxxx  ngg  

In case of (1) the tangent vectors and the normal vector have the form 
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It is also possible to rewrite vectors (2) and (3) in the form 
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The unit normal N  has the form 
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The equation 1NN  gives 

     020200
1121
 xxxx NNNNNNNN . (4) 

From (4) follows that )(,
21

STNN xxx  . We can express the vectors 
1

xN  and 
2

xN  as a linear 

combination of the bases of  )(STx , where ),,( 321 xxxx  . So we have 
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From (5) follows 
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where functions 
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which can be also written in the form 
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are the coefficients of the first fundamental form 

2

2222112

2

111 2 dxgdxdxgdxg  . 

On the other hand, we have 
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and analogically 
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The functions 

222111
22211211 ,, xxxxxx gNGgNGGgNG   

are the coefficients of the second fundamental form 

2

2222112

2

111 2 dxGdxdxGdxG  . 

The functions 122211 ,, GGG  have the form 
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Thanks to equations (6) we obtain 
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Equations (7) have the form 
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or finally the form 
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From (8) we can obtain the real form of functions 22211211 ,,, aaaa : 
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Substituting into (5) we obtain 
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The Weingarten map defined for regular surfaces S  by the formula 

vp NvW )( , 

where )(STv pp   and N  is a unit normal defined in a neighborhood of a point Sp  , and 

vN  is the derivative with respect to pv . So we have 

11
)( xx NgW  ,   and   

22
)( xx NgW  . 

The Gaussian curvature K equals the determinant Wdet  which means the determinant 
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The mean curvature equals the trace of the matrix 
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The detailed calculation gives 
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Further we have 
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In case of special surfaces (1) we obtain 
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The formula for H  is 
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We have 
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The formula for Mean curvature can be written in the form 

 
  2322

3
22

2
22

1

31
2

3132
2

3221
2

21

2

)()()()()()()1(














xxx

xxxxxxxxxxxx
H . 

 

Conclusion 

Gaussian and mean curvatures of special surface (1) are 

222
3

22
2

22
1

2
321

)(

))(1(














xxx

xxx
K  

and 

 
  2322

3
22

2
22

1

31
2

3132
2

3221
2

21

2

)()()()()()()1(














xxx

xxxxxxxxxxxx
H . 

 

References 

Bureš, Jarolím, and Kaňka, Miloš. “Some Conditions for a Surface in 4E  to be a Part of the 

Sphere 2S .” Mathematica Bohemica 4 1994: 367-371. 

Gray, Alfred. Modern Differential Geometry of Curves and Surfaces with Mathemathica. 

Boca Raton: CRC Press, 1998. 

Kaňka, Miloš. “Example of Basic Structure Equations of Riemannian Manifolds.” Mundus 

Symbolicus 3 1995: 57-62. 

Kaňka, Miloš. “Some Examples of Gaussian Curvature, Mean Curvature and Principal 

Curvatures of Generalized Cobb-Douglas Surfaces in 
3R .” International conference 

AMSE in Poprad 2007: 99-105. 

Kaňka, Miloš, and Kaňková, Eva. “The Using of the Model on Decision Making about the 

Access the Currency Union.” Mundus Symbolicus 13 2005: 31-40. 

Kaňka, Miloš, Kaňková, Eva, Jarošová, Martina, Zeithamer, Tomáš, and Eliášová, Lada. 

“Some Examples of Utility Functions Studied from Geometrical Point of View.” 

Mundus Symbolicus 17 2009: 73-78. 



International Days of Statistics and Economics, Prague, September 22-23, 2011 

 

265 

 

Kobayashi, Shoshichi, and Nomizu, Katsumi. Foundations of Differential Geometry. New 

York: Wiley (Inter-science), 1963. 

Nomizu, Katsumi. Lie Groups and Differential Geometry. Tokyo: The Mathematical Society 

of Japan, 1956. 

Sternberg, Sholomo. Lectures on Differential Geometry. Englewood Cliffs, N.J.: Prentice-

Hall, 1964. 

 

Contact 

Miloš Kaňka 

University of Economics, Faculty of Informatics and Statistics, Department of Mathematics, 

Winston Churchill square 4, Prague 3, Czech Republic 

kanka@vse.cz 

 

Eva Kaňková 

University of Economics, Faculty of Business Administration, Department of 

Microeconomics, Winston Churchill square 4, Prague 3, Czech Republic 

kankova@vse.cz 


