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SOME FUNCTIONS IN ECONOMY 

FROM MATHEMATICAL POINT OF VIEW 

(Application of Cartan's moving frame method.) 

Miloš Kaňka, Eva Kaňková 

 

Abstract 

The aim of this article is to give basic geometrical characteristic of some utility functions used 

in economics. We are going to study these functions as regular surfaces in 3R . Applying the 

method of Cartan moving frame we obtain geometrical description of production function 

 vuAvuf ),( , where 1  ,1  A  or 1  ,2   , 

Key words: orthonormal frame, tangent space, Gaussian curvature, Mean curvature, Maurer-

Cartan equations, Cartan’s lemma. 
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Introduction 

Let us suppose that for every point 3RMp   exist an open set 
2RU  , an open set 

3RV  , Vp , and a homeomorphism

 

MVUx : . A subset 3RM   is called a two-

dimensional surface in 3R . Let 3)( RMVUx   be a neighbourhood of Mp  such that 

the restriction Ux |  is an embedding into MVUx )(  and that it is possible to choose in 

)(Ux  an orthonormal moving frame },,{ 321 EEE  in such a way that 1E , 2E  are tangent to 

)(Ux  and 3E  is a non-vanishing normal to )(Ux . We first discuss the Cartan structural equa-

tions for a two-dimensional surface in 3R . 

 

1. Basic equations 

Differentiating a map ),( vux  we obtain  



International Days of Statistics and Economics, Prague, September 22-23, 2011 

249 

 

,dvxduxdx vu   

where vu xx ,  are tangent vector fields. Let us denote 

 
vu

vu

xx

xx
vun




,  

the unit normal vector field. With respect to the orthonormal moving frame },,{ 321 EEE  we 

have 

.332211  EEEdx   

where  
ijji E   . Since ux  and vx  are tangent to )(Ux  we have 03 Edx  which implies 

03   and 

.2211  EEdx   

Each vector 33: RRUEi   is a differentiable map and the differential 

33: RRdEi   

is a linear map. So we may write (using Einstein's notation) 

.jiji EdE   

where ij are linear forms on 3R  and since iE  are differentiable ij  are nine differentiable 

forms. So we have 

 

.3332321313

.3232221211

.3132121111

EEEdE

EEEdE

EEEdE













 

(1)

 

Differentiating equation ijji EE   we obtain   

.0 jiijjiji dEEEdE   

Forms ij are antisymmetric 
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0ii    ,  jiij  

 

(2)

 

From (1) and (2) we have 

 
.

,              

,                

2231133

3231122

3132121

EEdE

EEdE

EEdE













 

(3)

 

Forms dx  and idE have vanishing exterior derivatives 

 .0 22221111

2  dEdEdEdExd 

 

(4)

 

Substituting (3) into (4) we obtain 

     0222323121111313212   dEEEdEEE

 

(5)

 

From (5) there immediately follows 

       .032231132112212211  EEdEd 

 

(6)

 

The linear independence of vectors 321 ,, EEE  and equation (6) gives the following equa-

tions:

(9)                                                         .0                                                     

(8)                                                                          ,                                                 

(7)                                                                          ,                                                 

223113

1212

2121













d

d

 

Differentiating (3) gives: 

    

    .0

,0

,0

3 23 12 13 2 32 13 12 

2 32 1 31 13 3 13 3 23 1 21 12 2 12 

313 3 13 2 12 2 12 1 

2







EdEd

EEEdEEEd

dEEddEEdEd







 (10) 

From (10) we have 
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321312  d
 

231213  d

 

(11) 

(12)

 Analogically: 

    

    0                                 

.0

.0                        

13123213132123

2321312332331321221121

3233231211212

2







EdEd

EEEdEEEd

dEEddEEdEd







 (13) 

From (13) we have 

 
.132123  d

 

(14)

 
Equations (7), (8), (9), (11), (12) and (14) are called Maurer-Cartan structural equations. From 

equation (9) and Cartan's lemma we have 

 
.      ,      2221122321211113  

 

(15)

 
From (15) and (11) we have 

 
   .2221122121112313321312  d

 

(16)

 
Equation (16) gives 

  ,2121

2

12221112   Kd  

where  2

122211  K  is the Gaussian curvature. 

Differentiating the equation 133 EE  we obtain 033 EdE , which means that 3dE is a 

tangent vector, i.e.  MTdE p3 . The mapping 

  
v

E

u

E
xxW vu









 33 

 

(17)

 

is a linear mapping     .: MTMTW pp   

2. Example 1 

Let ),,(),( vuvuvux   be the parametrized utility surface in 3R . Orthogonal frame is 
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.)1,,(),,1,0(),,0,1( uvnuxvx vu   

Orthonormal frame is 

 

 

 . 1  , , 
1

1

, ,1 , 
11

1

, ,0 ,1 
1

1

22
3

2

222
2

2
1

uv
vu

E

uvuv
vuv

E

v
v

E














 

The differential form   dvxduxdx vu    gives  

.2 ,1for           ,  idvxEduxEdxE viuiii  

We have 

(19)                                                    .
1

1
                       

(18)                                        ,
1

1                       

2

22

2

2

2

1

dv
v

vu

dv
v

uv
duv













 

Further we have 

   

 
.

11

,  

1

1
  ,  0   ,  

1

222
2112

2

3
2

2

3
2

1

dv
vuv

u
EdE

dv

vv

v
dE



























 

Analogically we have 

.
11

1

222
3113 dv

vuv
EdE


  

And further  
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  , 1  , ,

1

1

2

3
22

2

2 uv

vu

v
Eu 






 

(20)

 

    
 ,,,

11

1 3

2

2

2

1

2

2

3
22

2

3
2

2 vvvv EEE

vuv

E





 

(21)

 

where 

     
 
    . 11

, 1

, 11  1

2223

2

222

2

222221

2

vvuuvE

vvuE

vuuvuvuE

v

v

v







 

From (20) and (21) follows 

 
,

11
   ,   

1

1

222
3222

2

32

vuv

uv
EE

vu

v
EE vu









  

and 

 
.

111

1

22222

2

3223 dv
vuv

uv
du

vu

v
EdE







  

Summarizing the previous results, we have 

 

 

.
1

1

,
1

1

,
111

1

,
11

 

,
11

 

2

22

2

2

2

1

22222

2

3223

222
3113

222
2112

dv
v

vu

dv
v

uv
duv

dv
vuv

uv
du

vu

v

vuv

dv

vuv

dvu

































 

From equations (20) and (21) follows 
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.
11

     ,   0
222

21 dvdu
vuv

u
dd 


   

And 

 .1 22

21 dvduvu 

 

(22)

 

From (11) we have

 

 
      .

1

1

2

3
22

321312 dvdu

vu

d 



   

Thanks to (22) we have 

21
221

1
 




vu
dvdu  

and 

  
.

1

1
  21222

12  



vu

d

 

(23)

 

From (23) immediately follows that 

  
,

1

1
222 vu

K




 

(24)

 

which means that every point of studied surface is hyperbolical. The equation (17) gives 

  3ExW uu       and       ,3ExW vv   

where 

 
 

 
 . , ,1

1

1
   ,    ,1 ,

1

1 2

2

3
22

3

2

2

3
22

3 vuvu

vu

Euvuv

vu

E vu 







  

From the fact      MTMTW pp :  follows 

 .     ,   2221312113 vuvvuu xxExxE  

 

(25)

 

After a short calculation we obtain 
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.

1

,

1

1

,

1

1
,

1

2

3
22

22

2

3
22

2

21

2

3
22

2

12

2

3
22

11

vu

uv

vu

u

vu

v

vu

uv























 

From equations (25) follows that the mapping W  can be described by the matrix 

 
.

1

1

1

1
2

2

2

3
22






















uvu

vuv

vu

W  

Determinant  

   
, 

1

1

1

1
det

1

1
  det

2222

2

322 vuuvu

vuv

vu
KW






















  

as was given in (24) and the formula for mean curvature 

 
.

1

  
2

1

2

3
22 vu

uv
WTrH



  

3. Example 2 

Let ),,(),( 2vuvuvux   be a parameterized utility function. Orthogonal frame is 

).1  ,  ,2(

)  ,1  ,0(

)2  ,0  ,1(

2

2

uuvn

ux

uvx

v

u







 

Orthonormal frame is 

 

).1  ,  ,2(
41

1

),  ,41 ,2(
4141

1

),2  ,0  ,1(
41

1

2

422
3

2223

42222
2

22
1

uuv
uvu

E

uvuvu
uvuvu

E

uv
vu

E














 

(26)

 

The forms 1  and 2  have the form 
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 ,
41

2
41

22

3
22

1 dv
vu

vu
duvu


 .

41

41

22

422

2 dv
vu

uvu






 

(27)

 

Further we have 

].  )2  ,0  ,4()2  ,0  ,4[(
)41(

1 22

2/322111 dvuvuduvuv
vu

dvEduEdE vu 


  

After a short calculation we obtain 

).22(
41)41(

1 32

42222
2112 dvuduvu

uvuvu
EdE   


  

Analogically 

).22(
4141

1

42222
3113 dvuduv

uvuvu
EdE   


  

From (26) follows 

.)()( 333 dvEduEdE vu   

After a short calculation we obtain 

]. 4 )24[(
)41(41

1 423

42222
2332 dvvuduuvu

uvuvu
EdEd 


  

Summarizing the previous results we obtain 

 
 

 

 
  .  4 24 

4141

1

, 2 2
4141

1

, 2 v2
4141

1

423

42222
3223

42222
3113

32

42222
2112

dvvuduuvu
uvuvu

dvuduv
uvuvu

dvuduu
uvuvu






















 

From equations (16) and (27) we obtain 

   
.

41

4

41

4
212422

2

2

3
422

2

321312  







uvu

u
dvdu

uvu

u
d  
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from which follows: Gaussian curvature has the form 
 

.
41

4
2422

2

uvu

u
K




 

Conclusion 

Two economical examples served as an illustration of Maurer-Cartan equations and we 

reached the following results: 

1. The Gaussian and mean curvatures of the first surface are 

   
.

1

  
2

1
,

1

1

2

3
22

222

vu

uv
WTrH

vu
K








 

2. The Gaussian curvature of the second surface is 
 

.
41

4
2422

2

uvu

u
K
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